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Table 3. Dispersion of residuals from true signal, n = 250,

εt ∼ N (0, σ2
ε ) and ηt ∼ t(2)ση

Mean Squared Error

q KFP SSA-
√

n PP-
√

n ES SSA-O PP-O

0.01 0.58 0.93 1.13 1.50 1.03 2.18

0.10 0.16 0.63 0.68 0.61 0.31 1.40

1.00 0.03 0.68 0.75 0.47 0.24 1.59

Mean Absolute Error

q KFP SSA-
√

n PP-
√

n ES SSA-O PP-O

0.01 0.57 0.61 0.68 0.83 0.74 0.95

0.10 0.30 0.49 0.53 0.49 0.35 0.78

1.00 0.14 0.49 0.53 0.33 0.26 0.81

Note to Table 3. Column nomenclature and table entries as in Table 1.

Table 4. Coverage Ratio Statistics &

Out-of-sample Selection of Degree of Smoothing

Xt = Xt−1 + ηt , ηt ∼ N (0, σ2
η)

Method ACR SD Q0.10 Q0.50 Q0.90 k∗

SSA-O 0.66 0.06 0.58 0.66 0.72 4

PP-O 0.63 0.07 0.54 0.64 0.72 7

Notes for Table 4. Column nomenclature is as follows: ACR is the average coverage ratio; SD is its corresponding

standard deviation; Qα is the α% quantile of the coverage ratio; k∗ is the average selected optimal k. Row

nomenclature as in Table 1. Table entries are averages across replications.
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Table 5. Average Mean Absolute Deviation of estimator α̂ from true value

n α = 0.10 α = 0.25 α = 0.75 α = 1.00 α = 2.00

100 0.095 0.052 0.043 0.051 0.075

200 0.037 0.023 0.021 0.023 0.041

400 0.014 0.010 0.011 0.012 0.020

Notes for Table 5. Table entries report the AMAD of equation (48) on the performance of the estimator bα of the

cointegrating parameter given in equation (44).

Table 6. Relative Average Mean Squared Error for the smoother ψt(α̂)

n α = 0.10 α = 0.25 α = 0.75 α = 1.00 α = 2.00

RAMSEY

100 1.716 1.454 1.091 1.047 0.992

200 1.694 1.351 1.054 1.025 0.997

400 1.613 1.240 1.029 1.013 0.999

RAMSEX

100 0.579 0.826 1.029 1.046 1.066

200 0.599 0.871 1.013 1.028 1.036

400 0.676 0.920 1.009 1.014 1.019

Notes for Table 6. Table entries report the RAMSE of equation (50) on the relative performance of the smoother for

the common stochastic trend component given equation (46). Values greater than 1 indicate superior performance

of ψt(bα) relative to the smoothers based on the individual series alone.
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Figure 1: Squared Frequency Response |R(ω)|2 for various values of k
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Figure 2: Squared Frequency Response |R(ω)|2 - erasing specific frequencies
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Figure 3: Sample realization from a unit root process and its smooth and residual components
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Figure 4: Sample realization from a local level model, signal and smooth series
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U.S. Real GDP and Smooth Trends
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Figure 5: SSA and HP Smoothing of the U.S. Real GDP - smoothing parameters are fixed to

k =
[√

244
]

= 15 and q = 1600 respectively
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U.S. Real GDP and Smooth Trends, SSA in differences
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Figure 6: SSA and HP Smoothing of the U.S. Real GDP, SSA filter applied in differences -

smoothing parameters are fixed to k =
[√

244
]

= 15 and q = 1600 respectively
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Data & Smooth Trend of Differences in U.S. Real GDP 
 SSA and KFP
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Figure 7: SSA and KFP-based smooth trend extracted from first difference of U.S. Real GDP -

smoothing parameter is fixed to k =
[√

244
]

= 15 and k = 4 respectively
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Figure 8: Data for weekly prices of Brent Oil, SSA-based smooth trends and residuals
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Figure 9: Autocorrelation functions for residual series from Figure 8
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Figure 10: Data for weekly prices of Euro/US Dollar exchange rate, SSA-based smooth trends

and residuals
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Figure 11: Autocorrelation functions for residual series from Figure 10
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Figure 12: Rolling out-of-sample trend predictions and one standard deviation prediction bands
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Figure 13: Oil and Euro weekly series, standardized, and common trend component
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