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OPTION PRICING UNDER LEVY PROCESSES: A UNIFYING
FORMULA.

AGLIARDI ROSSELLA

ABSTRACT. A new option pricing formula is presented that unifies several
results of the existing literature on pricing exotic options under Lévy processes.
To demonstrate the flexibility of the formula a few examples are given which
provide new valuation formulas within the Lévy framework.

1. INTRODUCTION

The aim of this paper is to prove a comprehensive option pricing formula within
a Lévy framework. Lévy processes have attracted much interest for financial ap-
plications in the last decades, because they allow to capture certain features of the
market prices that the classical models cannot describe accurately. In particular,
the log returns in financial time series exhibit a non-Gaussian character, in that they
have a significant skewness and the leptokurtic property, and contain jump compo-
nents. Therefore a number of option pricing models have been developed adopting
more flexible distributions than the Normal distribution. Some remarkable exam-
ples of alternative distributions which have been proposed are the Variance Gamma,
(VG) (Madan and Seneta [21]), the Hyperbolic (H) (Eberlein and Keller [11]), the
Normal Inverse Gaussian (NIG) (Barndorff-Nielsen [4]), the more general General-
ized Hyperbolic (GH) (Eberlein and Prause [13]), the Meixner process (Schoutens
[25]), the four-parameter distribution named CGMY after the names of Carr, Ge-
man, Madan and Yor [9], which was generalized to a six-parameter distribution in
[10]. Since most of the proposed processes belong to the mathematically attractive
family of the Lévy processes, a vast literature on option pricing has been developed
replacing the traditional underlying source of randomness, the Brownian motion,
by a Lévy process. As a consequence new mathematical challenges have been issued
with respect to exotic option pricing (see [17], for a compendium of recent research
on the topic).

In this paper we adopt the class of regular Lévy processes of exponential type
(RLPE) as the driving processes, following [5]. As [ 5] points out, it is the most
tractable subclass of Lévy process from the analytical point of view if the Brownian
motion is not available. Their characteristic exponents 1 (£) enjoy very favourable
properties as symbols of pseudo differential operators, since their real part behave
as c|€[” , with positive ¢ and v, as |£] — oo in the strip of regularity. Thus the
integrals appearing in the pricing formulas are absolutely convergent thanks to the
terms of the form e~ %) . Moreover, one can differentiate under the integral sign or
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2 AGLIARDI ROSSELLA

shift the line of integration by using the Cauchy theorem for holomorphic functions.
Such properties allow for a great flexibility of the method when working out the
analytical pricing formulas for several exotic option. The aim of this paper is to
prove a "quintessential" valuation formula which applies to a wide range of options,
thus providing a generalization of the idea of [8] to a Lévy framework. The idea
that a broad class of financial derivatives can be evaluated in terms of elementary
contracts such as digital options traces back to [20] and has been developed in [8]
in a Gaussian environment. By providing the non-Gaussian counterpart of this
view, we are able to throw a new insight into some known pricing expressions
and, more importantly, to obtain new valuation formulas which have not yet been
written down in a non-Gaussian setting. The main result is given in section 3.
Then several examples are provided as an application to illustrate the flexibility
of the approach. For example, by employing multi-period digitals we price chooser
options and compound options; moreover, an extension of the result in [2] for digital
options is proved in order to incorporate discrete Asian barrier options. While the
latter options have already been priced within a Lévy framework, although through
different methods (see the references quoted in Section 4, Ex. 6 and 7), the valuation
of chooser and compound options has never been presented by other authors, to
the author’s knowledge. However the list of exotics studied in this paper is by no
means exhaustive with respect to the potentialities of the approach and the author
trusts that several other pricing formulas may be obtained from the main formula,
thanks to its comprehensiveness.

2. NOTATION

This section outlines the main definitions and the general notation to be used
throughout the paper. As usual in a Lévy setting, the classical modeling of stock
prices as a geometric Brownian motion is replaced with a geometric Lévy motion,
that is, the stock price S; is assumed to be eXt, where X, is a Lévy process. Fol-
lowing [5] we suppose that X; is one-dimensional RLPE of order v €]0,2| and
exponential type [A_, 1], A_ < 0 < Ay, that is, it has a characteristic exponent
(&) which admits a representation of the form:

(2.1) P(§) = —ipg + 9(¢)

where ¢ is holomorphic in the strip Im £ €]A_, A1 [, continuous up to the boundary
of the strip, and ¢(§) = C'[¢]” + O(|¢]**) for £ — oo and [¢(¢)| < C(1+¢]™) in
Im¢ € [A_, A\{] with vy, vy <w.

Clearly a Brownian motion is a RLPE of order 2 and any exponential type. We
consider a Lévy market, i.e. a model of financial market with a deterministic
saving account e, r > 0, and a stock following a stochastic process S; = eXt.
Since we want to price contingent claims on the stock, it is convenient to consider
an equivalent martingale measure (EMM) @ which makes the discounted price
process e~ "'S; a martingale. Let v p (respectively 1) denote the characteristic
exponent with respect to the historic measure P (an EMM @), respectively), i.e.
Ep(ei€Xt) = eWr©) (Eg(e'€%) = e7™ae(® | yespectively). If the discounted
stock price is a martingale under Q, then Sy = EQ (e "S,) = Spe~Irt¥e(=0] |
which holds under the EMM-condition 7+ 1 (—7) = 0. Note that the additional
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condition A_ < —1, which is usually assumed, is needed to price the stock. Finally,
we recall that @) can be constructed by means of Esscher transform, by solving the
following equation:

(2.2) Up(—ih) —bp(—ih i) =1

for h, and then letting g (£) = ¥ p(§ —ih) — 1 p(—ih). In [5] it is shown that while
(2.2) may have no real solution for an arbitrary Lévy process, uniqueness holds for
RLPEs and sufficient conditions for existence can be proved. (See Lemma 4.1 in
[5]). In what follows we assume that an EMM @ is chosen so that X, is a RLPE
under it and, for simplicity’s sake, we will omit the subscript @) both in £ and .
If g(X7) denotes the terminal payoff of an option on S; at the expiry date T', then
the no-arbitrage price of the option at the current time ¢ (¢t < T') is given by:
F(S;,t) = Ele"TNg(X7) | X; = In(S,)].

If e*®g(x) € LY(R) for some w €]A_, A;[ then the Fourier transform g(¢) of g can
be defined as usual on Im§ = w and finally one can write:

1 oot i&ln Sy —(T—t ~
(2.3) F(S;,1) / et&In S —(T— )(r+w(5))g(§)d§

27 —oo+iw

The arguments above can be extended to multi-dimensional RLPE. An n-valued
Lévy process X; is a RLPE of order v €]0, 2] if its characteristic exponent (&) is
of the form:

(2.4) P(§) = —ip& + ¢(§)

where p € R™, ¢ admits the analytic continuation into a tube domain R™ + U (U
is a bounded open set with 0 € U C R™), the continuation of ¢ is continuous up
to the boundary of the tube domain, ¢(¢) = [£]” C(£/]€]) + O(]¢]™) for € —
where C' is a positively homogeneous degree zero function.

The characteristic exponent under the EMM Q is v (§) = ¥ p(§ — ih) — ¢ p(—ih),
where h € R™ is determined by solving the system ¢ p(—ih) — Y p(—ih —ie;) =1,
j=1,..,n, for h. (Here e; denotes the vectors whose components are all 0 except
the j** one which is 1). If g(Xr) denote the terminal payoff of an option on a
basket of assets Sy = (Si1, ..., Stn), then the price of the option at the current time
t (t <T) is given by

F(Sp,t) = 2 f+°°+wl L [toetivn Ligin Se—(T=0)(r+0()G(¢)dE, ...dE,,

2m)n J—ocotiwy " J—ocotiwn,
where (w1, ...w,) € U are chosen in order to avoid the points where the analyticity
of the integrand fails.

3. SET-UP AND MAIN RESULT

In this section an almost universal option pricing formula is proved within the
Lévy framework described in the previous section. In particular we derive the
arbitrage-free price for generalised multi-period exotic power digital options. Such
options are the building blocks for a broad class of exotic options with a single
underlying asset, beacuse several exotic options can be expressed as static portfolios
of these multi-period power digitals. The idea of pricing several exotic options
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by a single universal formula is due to [8], where the classical Gaussian case was
studied. Thus this Section provides the generalisation to the Lévy framework and
the resulting formula is a most comprehensive one, both in terms of the kind of
option and of the stochastic process driving the underlying asset. Since the aim
is to estabilish a unifying set-up, the formal notation is a bit involved and is laid
down along the lines of [8].

Assume that the payoff of an option depends on M fixed asset price monitoring
times, 17 < ... < Ty, where, for simplicity’s sake, Ty = T, the expiry date of the
option. Let T denote the set of times [t, T}, ..., Tas], where t is the current time,
t < Ty. Let Sk denote the price of the underlying asset at the monitoring time
T} and let S denote the M-dimensional vector assembling all the components Sy
which are relevant for the option under study. If v is M-dimensional , then S
denotes S)*...S7M and 7 is referred to as the payoff index vector. Since St = eXt,
where X} is a Lévy process, in most cases it will be convenient to work directly Wlth
Xk, the value of X at Ty, and with the vector X= (X7, ..., Xjs). Since we want
to treat call and put options together, we introduce W, a diagonal matrix with
all the diagonal entries w;; equal to +1. To simplify notation, w;; will be denoted
by w;. Then both the indicator functions /[x, 4o0)(X;) and I(_ k,)(X;) may be
encompassed in a unique notation, 11 (w; X; > w;K;), depending on the sign of w;.
Let K denote the exercise price vector (of dimension N) and let 15(Y > K) denote

the N—dimensional indicator function H 1,(Y; > K;). In order to give a greater

flexibility to the approach, the exercise condltlon matrix is introduced. Such term
will denote any N x M matrix A = (anx) involved in the payoff, where N is the
exercise dimension. For example, the payoff of discrete mean Asian options depends

on  N/Mg=1,. v Sk S K or, equivalently, " —Xk < InK = K. Thus their
k=1,.M

payoff can be expressed in terms of 1;(w;AX> w1 K), where A = [ s s ﬁ] is
a 1 x M matrix. On the other hand, the payoff of a discretely monltored digital
option 1, (WX > WK) can be expressed in the general form 1,,(WAX > WK) by
taking A as the M x M identity matrix. All the useful parameters are summarized
in the payoff parameter set P= [(vy,...v57), K, W, A].

Let F(S, t;T,P) denote the value of a multi-period binary whose payoff is spec-
ified in terms of T and P and where S; denotes the value of the underlying
asset at the current time ¢. More specifically, the expiry T' payoff function is

exp| Z Ve Xk]-In(WAX > WK). In most applications «y,, = 0 for k # M. The fol-

1ow1ng Propos1t1on gives the arbitrage-free current value of this generalised multi-
period option under the assumption that the value S; of the underlying asset Sy
is eXt, where X; is a RLPE of order v €]0,2] and exponential type [A_, A, ]. The
main result of the paper is the following:

Proposition 1. The following valuation formula holds:
M

F(St tTP) _MS’;’“ 1&’[ w eroo TWNWN f+00*iw1w1 1
L - i t n .

(2mi)N et} CO—IWNWN —oo—iwi w1 H £,

N M
expli > &, kzlanklnsthn)f\I'(t,él,...gN)]dfl..dgN

n=1
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where U(t,&¢,..¢N) = %(ijT 1) (Z Z anké,, —1 Z Vi) withTy =t, w, >0

Jj=1 n=1k=j
M [N
forn=1,..N and > | Y wpwnank +7;| €] — Ar,=A_[ forj=1,...,M.
k=j Ln=1

Before proving Proposition 1 we give a pricing formula for the simple case of a
power digital option, which is slightly more general than Proposition 1 in [2].

Lemma 1. Let F(S;,t) denote the current arbitrage-free price of the power option
with expiry T payoff function S}1i(waXr > wK), a # 0, w = £1, X = In S;.
Then for any w > 0 such that aww + v €] — Ay, —A_[ , one can write

’U)S’Y +oo—itww 1
(3.1) F(Sit) = _t/ gi€latn Si=K]~(T=0)[r+s(ag=in] L ge

2mi —00—tww 5
Proof. The Fourier transform of the payoff function g(X) = e’ 1;(waXr > wkK)
is g(n) = “:(f]irzg‘;) exp[(y —in)E]  with Imn = —ww, for any w, such that
v — wwq, 2 0 whenever aw < 0 and wwq, ] )\+, =A_]. Then'
F(St w. SQQ"W) f+°° Tww~ m [In(S¢)—

CO—TWW~

which gives (3.1) changing to variables n + iy = af and lettlng Wy — WY = aw.

Remark 1. The expression (8.1) can be rewritten in terms of pseudo differential
operators as follows:
F(S,t) = w57 exp[—(T — t)(r + ¢(aDy — i) 1) (ln 3t)

where 1) denotes the indicator function 1) (z) = Ij to0)(wx) and the notation
P(D,) denotes a pseudo differential operator whose symbol is P(§). Alternatively,
F(St,t) = f(Xt,t) can be viewed as the solution to the pseudo differential equation:
[0r— (r 4+ (D)) f(X¢,t) = 0 with the final condition f(Xr,T) = X711 (waXr >
wk).

Lemma 2. Let F(S;,t) denote the current arbitrage-free price of the power option
with expiry T payoff function ST1n(wpan X1 > wpKp;n=1,...,N), an # 0, w, =

N
+1, X =1nS,. Then, for any w, > 0 such that > wpwnan, +7v €] — Ay, —A_],

n=1
one can write
— e—r(T t) S N +oo—iwNwN +oo—iwiwi 1
(3 ) ( t7t) B (27.”) H o —CO—TWNWN /ooiwlwl H gn .
n=1,...N
N
(3.3) expli 21 Enlan Xy — Kp) — U(t, &, ..EN)]dE . dEN
N .
where U(t,&,..&N) = (T — t)( 21 ané,, — i)

Proof. The result follows by writing the Fourier transform of the payoff as a
convolution of N terms and by arguing as in Lemma 1.
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Proof of Proposition 1. Let us first prove the case N = 1. Let P= [(7yy, ...vas), K, w, (a1, ...aps)]
with w = +1. For m = 1,.., M let K* = K — S0 ap X, 75, = ZZL_l .

(Kf = K, 75, = 0). Let fm(Xt, t) solve O¢fm — (r + Y(Dg))fm = 0 for t €

[Tmfl,Tm], with fm(Tm,Xm) = fm+1(Tm,Xm) for m < M, and fM(TM,XM) =

eYmXM+Viy 11 (wap X > wKy). In view of Lemma 1 and Remark 1 one has:

(X, t) = Mﬁw W igfan Xy~ K] —(Tar—t) [r+ap(an L,

2mi 00—t WW
Then one can prove recursively that for any m:
M

we™"TM =Y exp(vi+ D Vi)

fm(Xt7t) = 271 — fjoooo_—;j)ﬂ; [25( Z akXt_K ) \Ilm(tag)]%dg

M M
where U,,,(¢,€) = > (T; — Tj—1)v(§ Y- ar — i Z i) with T,,—1 =t, w > 0 and
j=m k=j k=j

M

> (wwag + ;] €] — Ay, —A_[ for j = m,...,M. Thus h = 1 yields the result
k=j

in the case N = 1. Finally, the general case is proved along the same lines, by
employing Lemma 2 and arguing recursively.

4. Examples

This section presents some option pricing formulas which are obtained as appli-
cations of Proposition 1. While Examples 1, 2 and 3 refer to simple options which
have been already priced within a Lévy model, although throughout a slightly dif-
ferent method, the analytical valuation expressions presented in Examples 4 and
5 are new. The options studied in Examples 6 and 7 are included in the existing
literature on Lévy processes, but the argument we employ to prove the valuation
formulas is different from those used in the quoted literature. The aim of this sec-
tion is to show how several kinds of options can be priced directly within a single
framework and thus one does not need to devise an ad hoc method for each exotic
option.

1) Vanilla European options. The pricing formula is well-known in the liter-
ature on Lévy processes and can been obtained by straightforward application
of Lemma 1. Indeed, the payoff is max(wSr — wK,0) = wSTIjyK, +00)(WST) —
wKI[wK,+Oo)(wST) and Lemma 1, with @ = 1 and v = 0 or v = 1, yields the
following expression for the current price of the option:

St7 zﬂzf_itfroo Z:;U i£1n(S:/K)— (Tft)(rﬂl}(ffi))%dgf
+°° W ig In(Si/ K)—(T=t)(r+1(9)) L g¢
27r — 00— iwWw

for any w €]0,-A_ —1[if w =1 (w €]0, 4] if w = —1). Changing to variables
¢ —i=¢' in the first integral and then shifting upwards (from Im ¢ = —ww — 1 to

Im¢ = —ww) the line of integration one gets
F(St’t) - 27r +oooo ::)J:j i1n(S:

which are the known formulas (compare (4 31) and (4 32) in [5]).

2) Power digitals. Power digital are valuated taking ¢ = 1 in Lemma 1. Let
us see how a Ingersoll’s remark on power digitals (see [20]) generalizes to a Lévy
environment. Ingersoll observes that a power option in the Gaussian framework can
be valuated by simply replacing Sy with Sy, the volatility o with yo and subtracting
(1—7)(r+~0?/2) from the drift term in the corresponding asset-or-nothing formula



OPTION PRICING UNDER LEVY PROCESSES 7

(see (16) in [20]). This remark can be transferred to the Lévy setting as follows.

Fix v > 1. Changing to variables £ = 7 in the integral (3.1) with ¢ = 1 and

denoting w/vy by ', the pricing formula for the power digital can be written as:
St7 _ %_f-‘roo jww’ inn(S} /K)—(T—t)(r+v., (n—1)) ldn

, €
where Y., (n) = ¥(yn) and w’ €]0, =A_—~[ (0, A4 [, respectively) fw=1 (w=-1,
respectively). In other words, the value of the power digital, F,(S;,t), can be
straightforwardly obtained from the price of the corresponding asset-or-nothing
option by simply replacing S; with S} and 1 with .. Note that, in the Gaussian
case ¥(&) = —i(r — ”72)§+ ”—2253 , one has ¥ (&) = —i(r —gqy — j%)er 3’%& with
¢y = (1 = 7)(r +v0?/2), in keeping with [20].

3) Self-quanto options. The payoff is maz[w(St — K, 0)]S7, where the binary

indicator w represents a call (put) for w =1 (w = —1). From Lemma 1 one gets:
F(Sy, 1) = S50 [+o0780 i/ In(S,/ 1) ~(T=0)(r+6('~20)) L ge/
’ T co—iw’w 4
wStK f+00 Whw ig In(Sy /K)—(T—t)(r+(£” —i)) L ¢
co—iw”w ”

for any positive w’,w” such that w'w + 2 and w'w+1 €] — Ay, —A_[. Changing to
variables ¢’ — 2i = £ in the first integral and £’ — 4 = £ in the second integral, and

then shifting upwards the line of integration, one gets

+oo—iww ei€n(S; n —t)(r
F(Stvt) - 27'r f 0O —tWwW (S =R T =0(r(©) (er’i)%Ei’Qi)dé ’

where w €]2, \y[ , Ay = —A_ for w =1 and A\, = Ay +2 for w = —1. This is in
keeping with the relationship between the formula for a general strike price K and
that for K = 1 obtained in [22], p.68.

4) Chooser options
A chooser option gives its holder the right to decide at a prespecified time (choice
date = T}) before the maturity 7" whether he/she would like the option to be a call
or a put option. As a straightforward application of our main Proposition (with
A = T) we give a valuation formula for simple chooser options, i.e. the call and
the put have the same strike price K and maturity date T. Note that the decision
whether the option is a call or a put depends on the value of:
Max(C(Sr,; K, T), P(St,; K,T)) = C(S7,; K,T) + Max(Ke " T=T1) — Sp. . 0).
In other words the choice is:
Call <= Ke"T=T) < Sp s Put <= Ke "T-T1) > G .

The payoff can be expressed as:
(ST*K)]_Q(ST > K, ST1 > KeiT(T*Tl))+(K75T1)12(ST < K, ST1 < KeiT(T*Tl))
Then, in view of Proposition 1, with N = 1 and M = 2, the price for the simple
chooser option at time ¢t < 77 can be written in the form:

F(St,t):AlfK*A2+K*A37A4

where the following choice are rnade in Proposition 1 for each term:

for A;: K= (Ke*’"(T*Tl),K) =(0,1) (w1, wa) = (1,1)
for Ay: K= (Ke "T-T) K) =(0,0) (w1, w2) = (1,1)
for As: K= (Ke "(T-T) K) :( ,0) (w1, wz2) = (=1,-1)
for Ay: K= (Ke"(T-T) K) =(0,1) (w1, wz) = (=1, -1).
Then T(T t)  rtoo—iw +o0o—iw St i
Al (271'1 f co— zw; —oo— uull 151 - —H(T T)+ie ln (t7£17£2_1)¢d§1d€2

In view of the residue theorem A; becomes:
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—H(T-) o i€, In 7t —(T— -
Y 4 ST co—iws et In FE = (T—t)h(&, l)édfz“r

2mi —00—1iw2
27‘(T t) f+oo:zw1 i€, ln(_t+r(T T1)—(Th—t)y (Elfi)gidgl
T OOT1W1 1
On the other hand
Az = S [T NS LN, e R TG N V66 e de de
- 2 W1

which unde(th}tl)e r_(iSide theorem is transformed into:
—rit = oOoTtWw ‘ 24 —
= A3+ € f 2 iy InFE—(T t)w(%)éde_i_

2mi cotiws
—r(T—t) 4 oo—tw 1 T Ty ) — (T — X
+6Tf o uull e n( +r( 1)—(Th t)7/’(51)€d§1

Thus the formula is simplified because the double integrals cancel out. In the
Gaussian case the formula becomes

F(S;,t) = S[N(d) — N (*dir{l)l — Ke " THIN(d7) — N(~dz )]
with df = (In(S¢/K) + (r £ &) (T — 1))/ (oV/T — 1)
d;T1 = d%l + T(T — Tl)/(O'\/Tl — t)

which is the price for a chooser option obtained by Rubinstein [24].

5) Compound options. Let Fy(St,t;wr,we; T, Te; K1, Ko) denote the current
value of a European compound option. In particular, for wy; = ws = 1, we obtain
a call on call, for w; = wy = —1 a put on put, for w; = 1,ws = —1 a call on put
and for w; = —1,w2 = 1 a put on a call. Suppose that the expiration time of the
underlying option is To > ¢, its strike price Ky and its underlying asset follows a
RLPE;, as it is assumed throughout the whole paper. Let T1 < T3 be the expiration
time of the compound option and K its strike price. Let Fy(Sy,t; we; Ta; Ka) de-
note the value of the underlying option. In view of Example 3 in [2] one can state
that the solution S* to Fy(St,t; we; Ta; Ko) = K; is unique whenever exists. The
payoff of the compound option can be written as:
w1wa ST, La(we ST, > waKa, w1 ST, > w1 S*) — wiweKola(weST, > wekKo, w1 ST, >
wls*)* lelll(wlSTl Z wlS*)
and therefore our method applies. The current value of the last term is obtained
by straightforward application of Lemma 1 with a = 1, while the current values of
the other terms require Proposition 1 with N =1, M =2, A = I, K= (5%, K3),
~v=(0,1) for the fist term and v = (0, 0) for the second term. Then we obtain:

Spe~"(T2=1) rdoo—iwows pHoo—iwiwi i€ In SL4if, In 2L —W(t,&,,6,—i) 1
J— * ’ ’ —
(St,t) = 2qmr— [ I et e e ST

(274)2 —oco—iwaws J—oo—iwiwi
. . . S
Koe "(T2-1) rdoo—iwaws pHoo—iwiwr i€, In _L_ng ?t_ —U(t,&1,E5)
(274)2 —oco—iwaws ffoofiwlwl € 2 5152 d§1d§2

K77y f+°°*iw1w1 i€y In 52— (11 — DY) d§1

27 —00—1wWi W1
for wi,ws €]0, —A_ —1[. In the Gaussian case, if we change variables §joTj—t=
7, let w1, ws be any positive value and denote (In &= B4 (r+ ”—2)(T1 —t))/(c/T1 — t)

by di, (In }—% +(r+ %)(Tg —t))/(cv/Ta —1t) by di and |/ 7=% by p, our formula
collapses into:

(Sp,t) = 2 53 f+°° fwewe  ptoo—iwiwr in, df 4in,df — (7I1+712+2P”11712) dmdnz
T co—iwaws J—oo—iwiwi
—r(Ta—t) doo—iws p4+oo—iwiwi _1
Kse dy dy 2 _
(27mi)2 f—oo—iwz —oo—iwi w1 et Fin (711+”]2+ P"h"lz) d771 T2

lele_’"(TI_t)N(wldf).
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Finally we get Geske’s formula for compound options:
w1weSt No (wldf, w2d2+, w11U2p) — w1WQK2€7T(T27t)N2 (wldf, wadsy , wlwgp)—
w Kyem "M N (widy)

if we apply the following;:
Lemma 3. The following identity holds for w; = +1 and for anyw; >0,1=1,2:

Foo—iwawy  pHOO—IWIWL in, by +inyhe—F (0} +n2+2pmn2
(27rz 2 f co—iwaws J—oo—iwiwy ! dnldn2 -

= wywa Na (w1 hy, waha, wiwap).

Proof. The term on the left can be written as

wiwy (F00—iwr rHoo—iwn Lig BT +ifyhy —§ (€3+E3426,£5)
(271)2 J—oco—iwy J—oco—iw; ! o b o d£1d§2

with El = w;h; and p = wywsp. Recall that the Fourier transform of egcp(—% (AX, X)),
where A is a symmetric non singular n X n matrix and (.,.) is the inner product in
R™, is (2m)% (det B)?exp(—4 (BE, E)) with B = A~ Thus the term can be also
written as:

\/—A2 eroo eroo 67% AX’X>1[O,+OO) (/le — 1’1)1[07_;,_00) (/fzz — I'Q)diﬂldl'z

. 1 - A ~

with A = 1_—1? ( 5 1p ) , which is wywaNa(hy, ha, D).
Now we are going to obtain the put-call parity relationship starting from our

formula.

FZ(Stvt 1 Klle;w27K27T2) =

Spem(T2—t) f+oo fwawy p+oo—iw i€y In St tigyIn %—\D(t,gl,gz—i)id&d&_

(271'1 co—iwaws J—oo—iwi
Koe~"(T2a=t) rtoo—iwws (+oo—iwr i€y In SL4if, In oL —W(t,E,,E,) 1
(271'1 f co—iwaws J—oo—iwi € 2 Elfzdgldgz_
Kie " M7Y phoo—iwn ig, In SL—(Ty—t)y(€,) L
o f—oo—iwl et s Vg déy -

Let us shift the line of integration Im &; = w; up. Since we cross the pole at £; = 0,
the residue theorem gives:

Fy(S;,t;1, Ky, Ty we, Ko, Tp) =

S, e—"(T2—1) f-‘roo—iwzwz f+oo+z'wl ikt In SL+i€, In FL—W(t,8,,6,—i) - 62 dé g y—

(2m3)2 —oo—iwaws J—oo+iwi
Kye "(T2—t) prtoo—iwawz ptootiwy il In —t+152 ln —U(t, 51,52) 1
(27mi)2 f 0o —iwawa f oo—le € d£1d§2

Kie "o [Footien, i€y In L —(Ti—)3(&;) £1d§1+

27 co+1iw1

Spe”"(T2—1)  foo—iwaws 152 ln —U(t,0,£5—1) 1
+27TZ (271'1 f co—iwawa d€ o
Koe "(T2—1)  otoo—iwsws 152 ln —W(t,0,€5) 1 K]efr(Tl ) —(T1—t)¥(0)]
(271'1 f co—iwaws dg 27 € ] -

F>(St,t; 1,K1,T1,w2,K2,T2) + Fl(St,t,wz,szTz) — Kyemr(M=t),

We can summarize the result on the put-call parity for compound options as follows.
The value of a call on an option equals the value of the corresponding put on the
same option plus the value of the underlying option diminished by Kje "(T1—1),
where K7 and 77 are the strike price and the maturity date of the compound
option.
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6) Asian options. Asian options under Lévy processes have been priced in a
number of papers (see [3], [15], [17]). In this subsection we show how a pricing for-
mula for geometric Asian options easily obtains from our general result. At first we
consider discrete Asian options - whose payoff depends on a discrete average of the
asset price at N monitoring times, 77 < ... < Tjs - which are the most popular in
the trading practice. The continuous average case is obtained as a limit. Consider
a forward-start fixed strike Asian option with strike price K. Note that a pricing
expression for floating Asian options is easily obtained in view of the symmetry
relationship proved in [12]. Let T' = Tj; be the maturity date and let 77 = T} be
the time at which the averaging starts. The payoff is max(w[Xys — K],0), where
Sv=( ]I STJ.)% and w is the binary indicator. In terms of X; = In(S;) the

j=1, M
payoff is:
w ] e (wAX> win(K))—K1, (wAX> win(K)), where A = (30 5]
j=1,...,M

Thus Proposition 1 applies with NV = 1 and yields the following valuation formula,
after some algebraic manipulation:

wKe~"(Tr—1t) 00 —iww —j
F(St,1) :*KT +Oo iww E(EH) exp[zfln—t Z(T =T 1)¢(§M—M1)]d§

with Tp =t, w €]1,=A_[ (J0, 4]) f w =1 (w = —1). Note that the analogous
expression obtained in [15], (10), is derived throughout a different argument, that
is considering the distribution of In(3y;).

The pricing formula for the continuous-time monitoring case, where the geomet-
ric average is exp[T 77 f 7 In(Sy)dt], follows from the discrete pricing formula just
letting M — oo. Note that the limit can be computed under the integral sign in
view of the nice behaviour of . In particular, for the continuous case, one has:

—r(T—t) —tww
F(Si,t) = e [T 27505 v explign g — [ w(6(1 - y))dylde.

Let us now see that our formula collapses to the know valuation formula for
discretely monitored Asian options in the Gaussian case (see [27]). Let h denote
the averaging frequency, that is, 7; = T'— (M — j)h, j = 1,..., M. Then, in the

M A ,
Gaussian case, Y (T _1}*1)1/}(51\/[_1\21) zh(r—%)&M 1 +he §2§M 12§2M 127
=1

M M
because Y (M —j) = M@ and Z (M —j)? = MMGMW—_Q. Thus

j=1
77‘(T7t) +oo—itww 0_2 0_2 2 _
F(St,t) 1= e — i €X [25( R (=) (T-T)~(T-T") %5 & 257
(em-gde o | N
for any w > 0. Splitting the integral into two integrals and changing variables, one
gets:
0o —iww wKe T(T—1t) 00— iWwW . _
F(St’ = ws 6 f+oo Tww eXp ZT}D+ ]%d?’]— = 27 fjoofiww exp[an -
%) dn

WhereD_:[ln%-i- (T——)(T T /(evT =T/ 6Ml)’
Dt =D~ +oyT =T /2 and B = r(T —t) + (r + 02(3 — 25 ) 5.

Finally we point out that Proposition 1 straightforwardly applies to the more
general flexible geometric Asian options, where the flexible geometric average is
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I1 S%', with 0; = 9(])/2&1 6(j) and € any non-negative function (see [27]
j=T1,,M
for the Gaussian case). The following expression obtains:
M

. M
wKe "(Ta—1t) oo —iwWw .
F(S),t) = —wRe i [Hoem i s expli€In 5t — 3 (T =Ty 1) (¢ kZ Or)]dg
=J

j=1
with Ty =t, w €]l,—-A_[ (0, \y]) if w=1 (w=—1).

7) Discrete barrier options. Most analytical pricing formulas for barrier options
assume continuous monitoring of the barrier, while in practice the barrier is nor-
mally monitored only at discrete points in time (e.g., at the close of the market). A
discrete barrier option is either knocked in or knocked out if the price of the under-
lying asset is across the barrier at the time it is monitored. In the Gaussian case the
pricing formulas have been studied by [7], [16], [18], [8]; in the Lévy process models
an interesting survey is presented in [19], where the novel method of [14] is also
discussed. (See also [23] for a numerical approach). In this subsection we derive a
valuation formula for a discrete barrier option as a further straightforward appli-
cation of Proposition 1. While there exists eight barrier options types, depending
on the barrier knocking in or out, on the barrier being above or below the initial
value of spot (up or down) and on the call/put attribute, we confine ourselves to a
down-and-out call without rebate. The other cases can be treated similarly.

Let B denote the level of the barrier and suppose that the underlying asset is
monitored at times 7}, j = 1, ..., M — 1 before the option expiry Tas. The payoff is
(St — K)1p (S, > B,j = 1,..., M — 1; S1,, > K). Therefore Proposition 1 with
N =M and A = I, the M x M identity matrix, yields:

F(St,t) _ Ke "(Tm—t pdoo—iwn +oo—1w1 1

o @M meomiuy T meomien g ) ] g
k=1,...M—1

M-1 S s M M
- expli Zl §lng +ily In g — Zl(Tj - ijl)l/J(I; §1.)]dE - d€ ps
= j= =j

M
with Ty = t, wa €)1, =A_[, w; >0and > w; < —A_.
j=1

5. CONCLUDING REMARKS

This paper presents a unified formula to price several exotic options in Lévy
process-based models. Our method is based on the approach in [5] which employs
Fourier transform in the complex plane. In this paper the method is extended to the
sequential evaluation of such integrals. Alternatively, one may view the result as
the solution to sequential pseudo-differential equations whose symbol is related to
the characteristic exponent of the underlying process. As [5] shows, the analytical
method gives rise to a new numerical method (integration-along-cut method) which
performs better than the Fast Fourier Transform in many cases. Thus our result is
of interest also from a numerical point of view.

Thanks to the unifying spirit of our approach, several types of options can be
priced directly and do not need to devise a specific method for each of them. The
formula is tailored to encompass discretely monitored options, which are of impor-
tance due to regulatory and practical issues. However, the continuous conterpart
can be deduced in some cases (see Example 6). We have chosen to present some
examples which are already known in the literature, though in a different form,
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and to give only two new valuation formulas (Examples 4 and 5). Several other
exotic options might be priced throughout our main formula, for example, discrete
lookback options, one-clique options, installment options, complex chooser options
and all options with a compound feature (see [1], for example). Thus we hope that
our approach might be useful for several applications.

(1]
2]

3]

A generalisation of the model to multi-asset options is left to future research.
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