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and yields, respectively:
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2
, (47)
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Proposition 16 1. SW1 > SW5 > SW4 and SW3 > SW2 over the whole

admissible range of parameters;

2. if ρ ∈ (δ + η, δ + 2η) and δ > 2η, then SW5 > SW3.

The steady state replicating the perfectly competitive outcome of the

static model would look like the most desirable one, since the related level

of social welfare exceeds all the remaining ones. However, it remains out of

reach for all b0 > 0.
8

Additionally, there exists a subset of the admissible range of parameters

in which the steady state PSP5 is both privately and socially preferable to

all the steady state allocations arising from the open-loop Nash game among

unregulated firms. With this in mind, we turn now our attention to the

design of a Pigouvian tax/subsidy that may adjust firms’ incentives so as to

drive them to reproduce PSP1.

8That is, the equivalent of Remark 5 holds here. The proof of this fact follows the same

lines as for the Cournot equilibrium of the open-loop game among firms. The details have

been omitted for brevity.
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5 Effects of a Pigouvian taxation

In this section, a Pigouvian tax rate θ > 0 is introduced, with taxation taking

the form of a linear function of the environmental externality produced by the

industry. Such a taxation affects each current-value Hamiltonian function,

which now writes as:

Hi (·) =
Ã
σ −

nX
j=1

qj

!
qi − rk2i − θS + λi

·
S + µii

·
bi +

X
j 6=i

µij
·
bj. (48)

As in Benchekroun and Long (1998, 2002), our objective here is to investigate

whether this Pigouvian tax rate can be designed so as to reproduce the same

social welfare level characterising the first best (that the planner himself

would be, in general, unable to attain). Clearly, this assumption leaves the

FOCs (5) and (6) unchanged, whereby the adjoint equations (7) become as

follows:
·
λi (t) = (ρ+ δ)λi (t) + θ. (49)

The above dynamics implies that the presence of a Pigouvian taxation in-

duces firms to shrink output levels as compared to the unregulated setting,

as can be ascertained from (13), whenever λi (0) < 0. That is, the policy

maker, being aware of the tradeoff between the price effect and the external

effect implied by any change in output, is willing to accept an increase in

price (as a result of the related higher degree of quasi-collusion) for the sake

of reducing the environmental externality.

Unlike (7), (49) does not admit the nil solution, so Proposition 1 cannot

hold, as in the social planning case. The state-control system is as follows
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(again, omitting the time argument):

·
S = Nbq − δS (50)
·
b = b(η − k) (51)

·
q =

[(N + 1) q − σ] [ρ+ δ + η − k] + θb

N + 1
(52)

·
k = ρk − q [σ − (N + 1) q]

2r
(53)

As a consequence of taxation, firms’ cost structure is modified to account for

pollution, and therefore
·
q depends on θb. As a consequence, also

·
k depends

on θb. Therefore,

dq

dk
=
2r [((N + 1) q − σ) (ρ+ δ + η − k) + θb]

(N + 1) [2rρk − q (σ − (N + 1) q)]
(54)

and the slope of the Nash trajectory in the control plane becomes sensitive

to pollution thanks to the Pigouvian tax rate.

Also in this case, multiple equilibrium points appear. Provided that

the market is large enough, σ > 2
p
2(1 +N)rρ(ρ+ δ + η), we obtain three

steady states corresponding to no pollution:

(S1, b1, q1, k1) =

µ
0, 0,

σ

N + 1
, 0

¶
; (55)

(S2, b2, q2, k2) =

Ã
0, 0,

σ −
p
σ2 − 8(1 +N)rρ(ρ+ δ + η)

2(1 +N)
, ρ+ δ + η

!
;

(S3, b3, q3, k3) =

Ã
0, 0,

σ +
p
σ2 − 8(1 +N)rρ(ρ+ δ + η)

2(1 +N)
, ρ+ δ + η

!
.

Moreover, as in the social planning case, two further equilibria with positive
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stocks of pollution exist:

(S4, b4, q4, k4) =

Ã
2ηNrρ(δ + ρ)

δθ
,
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2θ
,

4ηrρ
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!
; (56)

(S5, b5, q5, k5) =

Ã
2ηNrρ(δ + ρ)

δθ
,
(δ + ρ)(σ +

p
σ2 − 8η(1 +N)rρ)

2θ
,

4ηrρ

σ +
p
σ2 − 8η(1 +N)rρ

, η

!
. (57)

The steady states (56) and (57) depend on the Pigouvian tax rate: in par-

ticular, notice that qθ4 > qθ5 and that the associated steady state levels of

pollution are decreasing in θ.

At this stage, it is worth carrying out a comparative analysis of the social

welfare equilibrium levels again. Let qθi , S
θ
i , π

θ
i and SW θ

i be, respectively,

the i-th steady state values in the present case, the levels of social welfare

SW θ
i is computed by the following formula:

SW θ
i =

(Nqθi )
2

2
+Nπθi − Sθ

i . (58)

The only two steady states affected by the tax rate are the fourth and the

fifth one and

SW θ
4 = ηNr

"
η

Ã
− 8Nrρ2

(σ −
p
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so SW θ
4 > SW θ

5 irrespective of all the parameter values.

Now we compare SW θ
4 with the maximum social welfare level that would

be obtained under social planning case, i.e. SW1 =
σ2

2
, in order to derive the

threshold values of the tax rate that allows to reach SW1 under oligopolistic

competition .

If we consider SW θ
4 as a function of θ ∈ (0,∞), we can stress that it takes

negative values when θ is close to zero, :

lim
θ→∞

SW θ
4 =

2ηNr[4ηrρ(η + ηN − ρN)− (2ρ− η)σ(σ −
p
σ2 − 8(1 +N)ηrρ)]

(σ −
p
σ2 − 8(1 +N)ηrρ)2

.

(60)

Moreover, SW θ
4 is strictly increasing, consequently admitting a horizon-

tal asymptote, whose level is positive if ρ ∈
µ
η

2
,
η(1 +N)

N

¶
. Call K :=

K(η, r, ρ,N, σ) such a positive level.

If K >
σ2

2
, then the optimal tax rate θ∗ entailing the identity SW1 =

SW θ∗
4 is given by:

θ∗ =
4ηNrρ(δ + ρ)

δ(2K − σ2)
. (61)

An analogous procedure can be carried out with SW θ
5 , where it can be easily

ascertained that the tax rate θ∗∗ such that SW1 = SW θ∗∗
5 exceeds θ∗ and the

inequality with respect to the related externality levels is inverted, i.e. Sθ∗
4 >

Sθ∗∗
5 . In other words, the tax rate that allows to reproduce the social welfare

SW1 is higher and corresponds to a higher level of output and pollution.

This seemingly counterintuitive fact relies on the identity leading to the

value (61):

SW θ
4,5 = πθ4,5 + CSθ

4,5 − Sθ
4,5 =

σ2

2
, (62)

implying

θ =
4ηNrρ(δ + ρ)

δ[2(πθ4,5 + CSθ
4,5)− σ2]

. (63)
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Thus, inequality qθ4 > qθ5 affects the denominator of the previous relation,

because π4 + CS4 > π5 + CS5. Hence, the first best social welfare can be

obtained by moving along two different paths: either with a larger quantity

and a lower price but a higher externality level, or conversely with a smaller

quantity and a higher price but a lower externality.9

The remarkable feature of the latter result is that, starting form a situ-

ation where the command optimum (point PSP1) reproducing the perfectly

competitive outcome is not, in general, attainable under planning except in

the uninteresting case where the productive technology is completely green at

the outset, it is nonetheless true that there exist an optimal stationary indus-

trial policy whereby the regulator can drive profit-maximising firms to yield

the same steady state welfare level associated with the first best, although of

course at the price of a different surplus allocation and environmental exter-

nality. If the regulator is interested in the size of the total pie but not in the

relative size of its slices, this is a price that he might well be willing to pay.

6 Concluding remarks

We have revisited the issue of the incentive for firms to carry out R&D efforts

aimed at introducing environmental-friendly technologies. Contrary to the

acquired view establishing that such an incentive is lacking due to the fact

that firms fail to internalise the environmental externality, the dynamic ap-

proach we have adopted in the foregoing analysis shows that firms do have an

9Note that the corresponding steady state profits are independent of θ:

πθ4,5 =
δσ
³
σ ±
√
Ω
´
− 2η (N + 1) rΥ

2δ (N + 1)2

where Ω = σ2−8ηρ (N + 1) r and Υ = 2ρ2 (N + 1)N+δ
£
η (N + 1) + 2ρN2

¤
. There exist

admissible parameter regions where the above profits are strictly positive.
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R&D incentive in this direction throughout the game, although it may indeed

vanish in one specific steady state, which portrays the equilibrium outcome

of the corresponding static game. Such an incentive has no altruistic nature,

being associated with a quasi collusive decision on output levels whereby any

environmentally-oriented R&D is accompanied by a price increase.

Moreover, we have investigated the behaviour of the model under the

assumption that a benevolent planner controls production and R&D, showing

that the perfectly competitive outcome with marginal cost pricing and a

totally clean technology is one of the possible steady states of the system, but

is feasible only if initial conditions are such that the environmental externality

is not an issue from the very outset.

Yet, as a (partial) remedy, we have found that there exist a feasible sta-

tionary Pigouvian tax rate able to induce profit-maximising firms to follow

a path leading to the very same aggregate steady state welfare as in the first

best.

The foregoing analysis can be extended in several directions, to examine

feedback solutions, the implications of international trade with transbound-

ary pollution and uncertainty affecting both the accumulation of pollution

and the R&D outcome, all of these issues to be nested into a general equi-

librium approach. These extensions are left for future research.
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