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Abstract

The rate of information diffusion and consequently price discovery, is conditional upon not
only the design of the market microstructure, but also the informational structure. This paper
presents a market microstructure model showing that an increasing number of information
hierarchies among informed competitive traders leads to a slower information diffusion rate
and informational inefficiency. The model illustrates that informed traders may prefer trading
with each other rather than with noise traders in the presence of the information hierarchies.
Furthermore, we show that momentum can be generated from the predictable patterns of noise
traders, which are assumed to be a function of past prices.

Key Words: Information hierarchies, Information diffusion rate, Momentum

JEL No: G10, G11, D43, D82

*Corresponding author: Department of Economics, Simon Fraser University, 8888 University Drive, Burnaby,
British Columbia, V5A 1S6, Canada, Email: yxue@sfu.ca.

TDepartment of Economics, Simon Fraser University, 8888 University Drive, Burnaby, British Columbia, V5A 156,
Canada and Rimini Center for Economic Analysis, Rimini, Italy, Email: gencay@sfu.ca. Ramazan Gengay gratefully
acknowledges financial support from the Natural Sciences and Engineering Research Council of Canada and the Social
Sciences and Humanities Research Council of Canada.



The rate of information diffusion, and, consequently, price discovery, is conditional on not only
the design of the market microstructure, but also the informational structure. The existing finance
literature demonstrates that by polarizing traders into informed traders and noise traders, price
discovery can be very slow (see Kyle (1985)) or very fast (see Foster and Viswanathan (1993))
depending on the market microstructure.! The goal of this paper is to understand the impact of the
informational structure on the degree of information diffusion inefficiency. We show for instance,
that even in a market where there are many informed traders, the rate of information diffusion can
be very slow if the information is distributed hierarchically.

Specifically, we consider a discrete time, infinite trading horizon model in which traders trade
a single asset with a probability of liquidation in every period. The traders differ in two ways.
First, traders are in different information hierarchies such that traders in a higher information
hierarchy embed the information of those in lower hierarchies. Such a hierarchy leads to a mechanism
where informed traders in a higher hierarchy may prefer trading against informed traders in lower
hierarchies. In order to trade against informed traders in lower hierarchies, a trader needs to maintain
the informational advantage by preventing the spread of the information incorporated into the price
(at a fast rate). Thus, this informational mechanism can lead to inefficiency in information diffusion.
This is more likely to happen when the number of information hierarchies increases. Second, traders
in the lowest information hierarchy, i.e., noise traders, do not receive signals about fundamentals and
trade on price direction. Thus, our setting includes the traditional stylized setting of the dichotomy
of informed traders and noise traders as a special case. When the informed traders trade with the
noise traders, they take into account the fact that noise traders trade on price direction. This can
lead to the generation of the momentum.

The informativeness of price, or the rate of the information diffusion, is a function of the layers
of hierarchies among informed traders for the following reasons. First, the expectation error of

the value of the underlying asset originating from the signal extraction of the partially informed

1Kyle (1985) shows that when a monopolistically informed trader strategically trades with noise traders, the
monopolist will prevent the information from being released, which in turn leads to a slower rate of information
diffusion. On the other hand, information is released almost instantly when informed traders possessing identical
information compete very aggressively, as analyzed in Foster and Viswanathan (1993).



traders makes the price less informative. The accuracy of the expectation formed by the partially
informed traders decreases as the number of the layers of the hierarchies increases. This decrease in
accuracy is partly due to the fact that it is increasingly hard for the partially informed traders to
infer whether the movement in price is due to a change in fundamental value of the underlying asset
or the liquidity shock brought by noise traders.? Second, the prevention of information disclosure
by informed traders in higher information hierarchies makes the price less informative. When the
riskiness of trading with other informed traders relative to the riskiness of trading with noise traders
decreases, the informed traders will prevent information disclosure in order to make a profit from
other informed traders. We show that informed traders in higher information hierarchies are more
likely to be profitable if they trade against other informed traders when the price deviates sufficiently
far away from the fundamental value of the underlying asset and the number of information hierarchy
layers increases. As a result, the information diffusion is slower when the number of information
hierarchy layers among informed traders increases.

In addition, rather than assuming that the behavior of noise traders is independently and identi-
cally distributed across time, as in the standard literature, we argue that the behavioral pattern of
noise traders consists of predictable (based on price direction) and an unpredictable (idiosyncratic
liquidity shock) components. In turn, our model generates a number of interesting and testable
implications that are absent from existing models of rational noisy equilibrium. For instance, the
predictable pattern of noise traders’ behavior resulting in persistence structure in prices, regard-
less of the distributional properties of the fundamentals. In addition, interaction between informed
traders and noise traders can lead to various market liquidity levels. Perhaps the most novel feature
of our model is that the trend-following behavior pattern of noise traders can generate momentum
in returns, i.e., a positive autocorrelation in returns. One explanation comes from the self-fulfilling
type argument that when noise traders believe there is momentum, they will follow the trend; while
when noise traders follow the trend, momentum can be generated.

Overall, the main contributions of this paper are as follows. First, this paper proposes a frame-

2For instance, a positive innovation in the value of the underlying asset is the observational equivalent to a shortage
of liquidity supply provided by noise traders from the perspective of the partially informed traders.



work to study the impact of hierarchical information and the layers of hierarchy on the speed of price
discovery. We show that the speed of price discovery and the informativeness of price decrease when
the number of the information hierarchy layers increases. Second, the predictable behavior pattern
of noise traders has a significant impact on the persistence structure of prices and returns. The
trend-following behavior pattern facilitates the formation of momentum in returns. Third, bounded
rationality of noise traders (the unpredictable component) may generate profits for them when in-
formed traders believe it is too risky to trade with them and choose to trade with other informed
traders, thus providing justification for the existence of noise traders.

The rest of the paper is organized as follows. In Section II, a case of two information hierarchies is
discussed where only one informed trader and noise traders are presented in the market. This model
serves as a benchmark to motivate the extensions that follow and demonstrates that the predictable
pattern of noise traders results in the persistence in prices and facilitates the formation of persistence
in returns. In addition, the trend-following behavior of noise traders can generate momentum in
returns. In section III, an information hierarchy with three levels, two types of informed traders
and noise traders, is studied. The information diffusion is slower compared to the benchmark case.
In section IV, a general case of N information hierarchies is investigated. The information diffusion
speed decreases as the number of information hierarchy levels increases. In section V, Monte Carlo
simulations are carried out to demonstrate the impact of the predictable pattern of noise traders

and of the number of hierarchical information levels. Finally, we conclude.

I. Case of Two Information Hierarchies

We begin by providing a simple version of our model without modeling the interactions between
informed traders at different hierarchical information levels. This special case helps develop the
intuition for how the interaction between a competitive informed trader and noise traders affects
the equilibrium properties and the formation of return predictability, in particular, the formation of
momentum. The benchmark case is also interesting in its own right as it provides a framework to

study how the behavior of noise traders affects the equilibrium properties that can not be captured



by existing noisy rational expectation literatures. In Section III, we extend this version to allow
for interactions between informed traders by explicitly modeling the information hierarchy among

informed traders.?

A. Financial Assets

Consider two traded assets. One is a riskless asset with a fixed rate of return of 1 +r. The other
asset is composed of shares or claims on a hypothetical firm, which pays no dividends but has a chance
of being liquidated every period. The probability of being liquidated in period t 4+ 1, conditional
on the firm’s surviving until period ¢, is assumed to be constant A. When liquidation happens, the
firm pays the shareholders a liquidation value V;, which is assumed to follow a stochastic process.
Throughout the paper, we assume that V; is Gaussian. V; can be independently and identically
distributed (iid) or serially correlated. The normality assumption is for the purpose of simplicity as

it permits the existence of a linear equilibrium. The market price for the risky asset is P;.

B. Game Structure

Two groups of investors, one informed trader and continuum of noise traders, trade the asset on
every trading date. At the beginning of each trading date, noise traders supply a certain amount of
the shares of the underlying asset to the market. The supply of noise traders is stochastic, which
captures the bounded rationality of noise traders. The informed trader observes the current market
price and submits his demand. The price can be adjusted upward or downward, and the informed
trader will adjust his optimal demand for the number of shares of the underlying asset accordingly.
The market clears when the demand from the informed trader equals to the supply from noise

traders.

3We borrow the basic setting from Makarov and Rytchkov (2007).



C. Noise Traders

Traditionally, the behavior of liquidity suppliers, i.e., noise traders has been assumed in the
literature to be independently and identically distributed (iid) over time. With the purpose of
investigating the effects of the interactions between noise and informed traders on the equilibrium
outcomes, we model the behavior of noise traders in a way consistent with Harris (2003). Harris
(2003) describes the noise traders as types of traders who trade based on their beliefs concerning
the price change direction rather than the fundamentals of the underlying asset. According to this
description, a typical example of noise trader is a technical trader. Technical traders trade based
on “pattern recognition” type techniques which aid in the formation of the beliefs concerning the
direction of prices.* Therefore, we assume that there is a predictable components of the aggregate
supply of noise traders (technical traders) that should be a function of past prices. In addition,
there is an unpredictable component which captures the difference in opinions among noise traders
or technical traders. Hence, we model the aggregate supply of the shares of the underlying asset
from noise traders throughout the paper Q) as 8P, +0;, where P; is the price of the trading asset.
BP;_1 captures the predictable component of the aggregate supply of shares from noise traders. ©;
is the id Gaussian with mean 0 and variance 0(29.5 The random component is for the purpose of
preventing prices from being fully revealing, in the spirit of Grossman and Stiglitz (1980).°

[ is an aggregate measure of noise traders’ supply of shares of the underlying asset. The sign of
[ indicates the aggregate response of the noise traders to the price change direction. For instance,
if 8 < 0, noise traders will sell the traded asset when the unit price is negative (price is decreasing).
It seems that the noise traders behave as if they follow the trend of the price. We label noise traders
with negative § “trend followers”. In contrast, if § > 0, noise traders will sell the trading asset

when the unit change of price of the traded asset is positive (price is increasing), i.e., noise traders

4There are two different types of technical analysis: subjective and objective analysis. Subjective analysis captures
the fact that different traders may come up with different conclusions based on the same information set due to
subjective judgments or priors. Even in objective analysis, different traders may have different confidence levels or
tolerance levels which lead to different trading decisions.

5The mean is not necessarily 0. It could be a positive number with a large magnitude, which would guarantee that
noise traders always supply a positive number of shares. The zero mean assumption could be interpreted as demeaned
supply.

6The predictable component is specified for simplicity, although it is easy to extend our analysis to allow for many
price lags without changing our main results.



act against the trend of the price, and we label the noise traders with positive 3 “contrarians”.
The magnitude of 3 measures the sensitivity of noise traders to price direction changes. The larger
the magnitude of 3, the more sensitive noise traders are to the changes in price direction. That
is, if the magnitude of 3 is large, with a small change of price, noise traders adjust their holdings
of the underlying asset to a large extent. The magnitude of § can be interpreted as the aggregate
number of noise traders present in the market as well. [ could be time-varying. Throughout this
paper, however, we do not intend to model the evolution of noise traders and assume [ to be a
time invariant parameter. We will elaborate more on the relationship between ( and equilibrium

properties later.

D. Informed Traders

In this benchmark model, we only consider a single informed investor. In each trading period ¢,

the investor receives a signal S; about the fundamental value of the underlying asset V;:
St = Vi + bsmy (1)

where 1, ~ #dN(0,1). bs is the standard deviation of the signal and 1/b? is the precision of the
signal. The signal is more informative when b; decreases. The investor is assumed to have a mean-
variance preference, i.e., E(W;)— %M/M(Wt), where W is his wealth level at ¢ and § is the preference
parameter. When ¢ = 0, the traders are risk neutral, and when § increases, the traders become more
risk averse. In order to obtain a closed-form solution, we use myopic preference to abstract away

from dynamic hedging considerations.” Let Q;;1 be excess return, i.e.,
Qi1 =AVig1 + (1 = NP1 — (1 +1)P, (2)

where A\V;41 + (1 — A\) P41 is the expected return from the holding of one share of the trading asset

and (1 + r)P; is the opportunity cost of holding. Therefore, the per period utility maximization

"Myopic preference is a simplifying assumption, and its main purpose is to obtain an analytically tractable solution.



problem for the informed trader is
1
H}(&X E[Qt+1 |Ft]Xt - 55V@T[Qt+1 |Ft]Xt2

where F; is the information set available for informed traders that contains the current price, the
history of past prices, and all the received signals, that is, Fy = {P;, Pi_1,...,Po, St, St—1,...,50},
and X, is the holding of the informed investor at trading period ¢. For the expositional purposes, we
use E;[.] = E[.|F}] throughout the paper. Hence, the optimal demand of the shares of the underlying

asset from informed traders at ¢ is

FE
x, = Q] 3)
5VCLTt [Qt+l]
Let wy = m so that Xy = w; E¢[Q¢41]. Thus, the informed trader adjusts his holding of the

risky asset proportional to the expected return from the holdings. The risk averse coefficient affects
the proportion of the informed trader’s investment in the risky asset. When 6 = 0, the optimal
holding X; is not well-defined for F;[Q:+1] # 0, and X; could be any amount for E;[Q:4+1] = 0.
Namely, if the informed trader is risk-neutral, he would like to borrow an infinite amount of money
to invest in the risky asset if its expected return is greater than zero. He will spend any portion
of his wealth on the risky asset if its expected return is equal to zero because the risky asset is
indifferent from the riskless asset in this case. Similarly, when § increases, the trader becomes more
risk averse; he will invest less and less of his wealth into the risky asset. In particular, if 6 = oo, he

will not invest any of his wealth into risky asset.

E. Equilibrium

We focus on stationary and linear expectation equilibrium, where Var;[Q¢41] is constant such

that w; = ————— = w is time invariant and there is no bubble in prices. Hence X; = wE;[Qs41].
JVart [Qt+l]



Market clearing implies Xy = 8P;_1 + ©;. Hence,

BP_1 O, 1
P =— — FE 1—- MNP, 4
! wl+7r) wd+r) + 1+7r tAVir + A Pria (4)

Defining P} = P, — pP,_1, we can rewrite Equation 4 as

(CH 1
Pr=— E Py
t w(l I T) =+ 1+r t[)\‘/tJrl + ( )\) t+1]

where p solves:

(1=Np*+ 1 +7r)p+p=0. (5)

The detailed derivation is given in Appendix. Iterating Equation 5 forward and invoking the no-

bubble constraint, i.e., lim;j_ o (372)/ Py ; = 0, we have:

I+r
. o, g ) (1= N)Ot1s11
P = -t E ALY 2) i — L otstl
t w(l+7) +S:0(1+T) tAVirsnn w(l+7) )
o, = 1-A
= —— —)°FE s
o+ 1) + ;:0(1+T) [ AVigs1]
Hence,
Pt = thfl 1 + T + E Et )\‘/t+5+1] (6)

Equation 6 shows that the equilibrium price at time ¢ is the sum of three terms. The first term
incorporates the predictable pattern of noise traders’ behavior. As shown in Equation 5, the serial
correlation structure of prices (p) is a function of the predictable pattern of noise traders’ behav-
ior (). Intuitively, because the informed trader understands that the predictable pattern of the
aggregate supply from the noise traders is a function of past prices, he can forecast the mean of
the aggregate supply from the noise traders. Thus, the trader can form a better forecast of the
price in the next period by taking into account this information, which will help increase his profit.

As a result, the price in the next period is correlated with the past prices, which generates the



serial correlation. As demonstrated in a later section, this serial correlation in prices brought by
the predictable pattern in noise traders’ behavior generates a serial correlation in returns as well.
Therefore, the momentum could be generated. Notice that this result is independent of the as-
sumption of the fundamental value of the underlying asset. We will elaborate more on this in later
sections. The second term compensates for the risks for informed traders, which originate from the
non-predictable component of aggregate noise traders’ behavior. The third term is the expected

payoff of asset holdings.

F. Equilibrium Properties
Stationary Equilibrium

We then study the conditions for the equilibrium price to be stationary. We rewrite Equation 5

as

B S} S D W
Py —pP 1 = ] + ;(m) Ei[AVits11] (7)

Notice that in Equation 7, the right hand side (RHS) is assumed to be covariance stationary and has
finite variance given the stationary assumption of V;. Therefore, the price is covariance stationary

when |p| < 1. Formally,

Proposition 1 The relationship between the stationarity of equilibrium and 3 can be summarized

as follows:

1. When noise traders are trend followers (8 < 0), the mazimum number of stationary equilibria
is 1. Formally, there exist a stationary equilibrium if and only if the probability of liquidation

is not sufficiently large (A < B+ 1r+2).

2. When noise traders are contrarians and not sensitive to price direction change (IQi >03>0)
and the probability of liquidation is sufficiently large (A > 3 —r), there is a unique stationary
equilibrium. However, if the probability of liquidation is not sufficiently large, (A < 5 —1r),

there exists two stationary equilibria.



3. When noise traders are contrarians and they are sensitive to price direction change (8 > 1#)
and if the probability of liquidation is sufficiently small (A < 1#), there exist two stationary
equilibria. Additionally, if A > 3 —r, there is a unique equilibrium. Otherwise, if 1# <A<

B —r, there is no stationary equilibrium.

Proposition 1 suggests that the predictable component 3 and the probability of liquidation A
play important roles in determining of the stationarity of the equilibrium price process. As shown in
Proposition 1, the equilibrium can be stationary only if the liquidation probability is not large. This
result is consistent with the observation that when the probability of being liquidated in the following
period is very large, an informed trader is reluctant to adjust the optimal holding in response to the
short run profitable opportunity originating from the trading pattern of noise traders. When the
probability of liquidation is small, the riskiness of exploiting the short run profitable opportunity
from noise traders is relatively low. In that case, the informed trader may be more willing to adjust
his holding accordingly. Therefore, the market will be cleared because the demand from the informed
trader will match the supply from noise traders. Therefore, a stationary equilibrium can exist only

if the probability of liquidation is sufficiently low.

Momentum

Momentum is defined as the rate of acceleration of a security’s price or volume in technical
analysis terms. Once a momentum trader sees an acceleration in a stock’s price, earnings, or revenues,
the trader will often take a long or short position in the stock with the hope that its momentum
will continue in either an upward or downward direction. This strategy relies more on short-term
movements in price rather than on the fundamental value of companies. Jegadeesh and Titman
(1993) show that the momentum trading strategy can generate abnormal profit. Since its discovery,
momentum has been one of the most resilient anomalies challenging the market efficiency hypothesis.
It is well known that any theory seeking to explain momentum should be able to generate positive
serial correlations in returns. In this section, we investigate the ability of our model to generate

momentum, and particularly the positive autocorrelation in returns.
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We consider two specifications of V;. To start, we assume V; are iid with F;[Viys] = p. Hence,
Equation 6 becomes

@t )\,u

P, =pP_ 1 —
t = pht w(1—|—r)+r+)\

(8)

Equation 8 demonstrates that if |p| < 1, P, follows an autoregressive (AR) (1) process and Corr[P;, P;_s| =
p° follows directly. Defining return as the difference between the price levels, i.e., 1y = P, — P,
we have

O — 01

e v

Tt = pPri—1 —

Equation 9 shows that given |p| < 1, returns follow an autoregressive moving average model
(ARMA)(1,1) process with mean 0. It can further be shown that Corr[ry,r,—1] = p?> + p — 1.

It follows directly that there can be a positive serial correlation of returns at the first lag. Formally,

if p < 7\/2571 or p > \/5271, the returns display a positive autocorrelation at first lag, i.e., momentum
is generated.®

The result of positive serial correlations in returns provides a rational explanation of momentum.
From Proposition 1, if we restrict ourselves to stationary equilibrium, the only possible scenario
resulting in positive serial correlations in returns is when p is positive which corresponds to 5 < 0
and A < 47+ 2 case. This suggests that it is only possible in our model to generate a momentum
anomaly when noise traders behave like trend followers. This is consistent with a self-fulfilling
explanation. The reason why noise traders behaves like trend-followers is because the momentum
anomaly exists, and when noise traders behaves like trend-followers, the momentum anomaly can
be generated.

Next, we consider V; to be a stationary AR(1) process. That is, V; = aVi—1 + bye;, where ¢
are 1id standard normals, b, is the inverse of the square root of the precision of the innovations,

and a < 1. When b, increases, the precision of the signal decreases; that is, the V; becomes noisier.

8In order to have a positive p which is consistent with the observed price autocorrelation coefficient, we choose

p > 3% Combined with the annual risk free rate » = 0.03 and liquidation probability A = 10%, we need to have
B < —1.
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Then Ei[Viis] = a®V;. Hence

@t )\CL‘/t
P, =pP,_1 — 10
LT w(1—|—r)+1+r—(1—)\)a (10)
Defining return as the difference in price, i.e., 1y = P, — P,_1, we have:
A@t Aa

= ory_ 1 — AV, 11
= w(1—|—r)+1+r—a(1—)\) b (11)
where A©®; = ©; — ©,_1 and AV, =V, — V,_1. It can be shown that the unconditional covariance

of returns is

2 2\2¢2

Covlry, re_1] = pVarfry_1] + ——22 a Var[V;_1] (12)

w?(1+7r)? + (I+7r—a(l—=X)2

We are still able to generate positive serial correlations in returns when p > 0. From Proposi-
tion 1, when noise traders are trend-followers, the p can be positive and momentum can exist. In
addition, even if p is negative, it is still possible for momentum to exist as long as the right hand
side (RHS) of Equation 12 is positive. In other words, if the fundamental value of the underlying
asset is serially correlated, the momentum could exist regardless of the behavior pattern of the noise

traders.

What if There is no Pattern in Noise Traders’ Behavior?

To illustrate of the benefits of the assumption that there is a predictable component in noise
traders’ behavior, i.e. SP;_1, we investigate the case where there is no predictable pattern in noise
traders’ behavior, i.e., § = 0. That is, the liquidity supply from noise traders is ©;, where O, is
#td normal. This is consistent with the standard assumption about noise traders’ behavior in the
literature (for instance, Kyle (1985)). The equilibrium price can be shown to be

P = — 1+r ZO VB[ AVigst1] (13)

12



This shows that the statistical properties of prices are fully determined by the statistical properties
of the fundamental value of the underlying asset in the absence of the predictable pattern in noise
traders’ behavior. Hence, the extra gains from the assumption of a predictable pattern in noise

traders’ behavior can be summarized as follows:

1. The assumption of a predictable pattern, i.e., 5 # 0, results in persistence in price regardless
of the statistical assumption of fundamentals. On the contrary, if there is no predictable
pattern, i.e., 3 = 0, the persistence structure in price depends on the statistical assumption of
fundamentals. With the presence of the predictable pattern in noise traders’ behavior, price
is persistent even when V; is éid. The persistence in prices is partly due to the fact that
the informed trader adjusts his optimal holding based on the expectation of the predictable
pattern in the noise traders’ behavior. This predictable pattern in noise traders’ behavior
preserves the correlation structure of prices across time. The persistence in prices is also due
to the fact that the noise traders utilize the information concerning past prices to adjust their
position, which determines the price in the current period. This feedback mechanism can
also help the formation of the persistence structure in prices. On the contrary, if there is no
predictable pattern in noise traders’ behavior, the equilibrium price is entirely determined by
the distributional assumption of fundamentals, i.e., V;. To see this, from Equation 13 we can

demonstrate that if V; is iid, P, is éid. If V; is an AR(1) process, then P; is an AR(1) process.

2. The assumption of a predictable pattern, i.e., 8 # 0, generates momentum (the positive
serial correlation in returns), while if there is no predictable pattern, i.e., § = 0, momentum
cannot be generated in our model. When there is no predictable pattern in noise traders’
behavior, generally, asymmetric information cannot generate momentum alone. Intuitively,
rational traders require higher compensation for holding a larger amount of the risky asset.
This leads to a positive relationship between returns in the next period and the supply from
noise traders. In the meantime, there is a negative relationship between price and the supply

from noise traders. Recall that return in this period is the difference between prices. If supply

13



is assumed to be iid, realized returns are negatively correlated.” On the contrary, when there
is a predictable pattern in noise traders’ behavior, as indicated earlier, momentum or positive
serial correlation in returns can be generated in our model. Notice that there are two opposing
effects that generate momentum. One is the negative slope in the demand curve of informed
traders and the other one is trend-following behavior of noise traders. We show that under some
parameters values, the noise traders’ trend following behavior may dominate the downward
demand curve effects, which generates a positive serial correlation in returns and provides an

explanation for the existence of momentum.

II. Case of Three Information Hierarchies

We now extend the simple model of the previous section to allow for the interaction of informed
traders at different hierarchical information levels. We consider two types of informed traders,
corresponding to two informational hierarchical levels. To obtain a closed form solution, we further
simplify the setting. Assume there are two factors that jointly determine the fundamental values
of the underlying asset. That is, V; is a function of the two factors V;! and V2. For simplicity,
we assume that the function is linear, i.e., V; = V,! + V2. In addition, we assume that there is no
noise in the signals. Namely, a type 1 trader (fully informed trader) receives two signals per period,
St = V! and Sa; = V2. A Type 2 trader (partially informed trader) receives only one signal
S+ = V2. Furthermore, we assume that V,! and V;? are AR(1) processes, i.e., V! = aV,l| + byef
and V2 = aV;2 | + bye2.

The information set for the type 2 trader is Foy = {P;, P;—1, ..., V;2, V2, ...}, and the informa-
tion set for the type 1 trader is Fy ; = {P;, Pi—1,..., V;}, V2 1,..., V2 V2, ...}. By construction,
F5 . C F14, and it captures the idea of a hierarchical information structure. It is well known from the
existing literature on forecasting the forecasts of others, the infinite regress problem can be avoided
with a hierarchical information structure. Intuitively, a fully informed trader knows everything a

partially informed trader knows. Therefore, a fully informed trader knows exactly the expectation

QCOV[Qt,’I‘t] — COV[@t7 Py — Ptfl] = COV[@t7 Pt] < 0.
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formed by a partially informed trader on the signal received by the fully informed trader. Then
the infinite regress problem collapses.'® Formally, the three information hierarchies’ equilibrium is

characterized as:

Proposition 2 If a type 1 trade observes V,' and V2 and a type 2 trader only observes V2, the

equilibrium price is

P, = pPi_1+ PyVi+ PoO, + Pa(V, = V1),
where
p
Po = L
B
A
Py = a4

& +a(l-\)

aws (A + (1= A —225)
)
Py = ——p
S+ awi (1 — N)e

where 17# = E[V a4, Q = w1 +ws, w1 = Var[Qui1|Fi 4], we = Var|Qu41|F24], and where p solves
(1= NP — (1470 — =0
and ¢ solves
p? a\
2

2 2 2
—o05(1—¢)(1 —a“c) — by (——
% +a(l+N)

3 +PA)2:O

The expectation errors follow an AR(1) process:

V! =V = ac(V, — Vi) —byee] + kPo®,

101t is well known that when a hierarchical information structure exists, the fully informed traders can infer the
exact expectations of the partially informed traders. Then signal extraction problem between these traders can be
characterized by a finite number of the state variables that include the expectations of the partially informed traders.
If there is no hierarchical information structure, the signal extraction problem needs to be characterized by an infinite
number of the states variables that include the infinite iteration of expectation among traders, for instance, trader
A’s expectation of trader B’s expectation, trader B’s expectation of trader A’s expectation of trader B’s expectation,
and so on.
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where k = — _L—c

%WA :

Proposition 2 shows that the equilibrium price in the case of three information hierarchies consists
of four terms, instead of three terms as in the case of two information hierarchies . The extra term is
Pa (th — V'), which captures the expectation error of type 2 traders in guessing the signal received
by type 1 traders. That is, the forecasting behavior of type 2 traders adds noise to the equilibrium
price. Further, as shown in Proposition 2, the expectation error follows an AR(1) process and is
thus persistent.

Intuitively, the persistent structure in prices leads to a slower information diffusion rate. If there
is no persistent structure in prices, the innovation in fundamentals can be incorporated immediately.
But when prices are persistent, the innovation in fundamentals can have long lasting effects so that
the prices can not immediately be adjusted to reflect the fundamental value of the underlying asset.
The persistent structure is due to the combined effects of persistent structure through the predictable
pattern in noise traders and the persistent expectation errors formed by partially informed traders.
Thus, we label the former effect the “beta effect” and the latter the “hierarchical effect”. We will
continue to investigate the roles of these two effects on the information diffusion rate in the next

section.

A. Information Diffusion Rate

As mentioned earlier, the persistent structure in prices leads to a slower information diffusion
rate. The slower information diffusion rate comes from two sources: the “beta effect” and the

“hierarchical effect”.

Beta effect

To study the role of the predictable pattern of noise traders’ behavior in generating a slower
information diffusion rate, we abstract from the hierarchical information setting. That is, we consider
the two information hierarchical levels case. Without loss of generality, we restrict ourselves to the

AR specification of fundamental evolution, i.e., V; = aV;_1 4+ b, €, where ¢; are iid standard normals,
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b, is the inverse of the square root of the precision of the innovations, and a < 1. As b, increases,

the V; becomes noisier. Then E[V;14] = a®V;. Hence

@t + )\CL‘/t
wl+7r) 14+r—(1-Na

Pt = thft — (14)

When there is no predictable pattern in noise traders’ behavior, i.e., 8 = 0, the equilibrium price is

- @t + )\CL‘/t
wl+7r) 14+r—(1-Na

P = (15)

To demonstrate a slower information diffusion rate, we show that the impulse response in prices to
an innovation in liquidity shocks brought by noise traders, i.e., in ©,, is larger. Intuitively, when
there is an innovation in fundamentals, if the impulse response of prices is larger, it will take a longer

time for prices to “settle down”. That is, the information diffusion rate is slower.

Lemma 3 The information diffusion rate is slower if there is a predictable pattern in noise traders’

behavior.

Proof: If there is no predictable pattern in noise traders’ behavior, i.e., 8 = 0, the impulse response
of prices to an innovation in liquidity shocks brought by noise traders, i.e., ©;, is IR} such that
1

(1+mQ
IR} = 0 (16)

IR, = -

fort =0,1,.... Notice that TR; > 0 for all ¢. Meanwhile, if there is a predictable pattern in noise
traders’ behavior, i.e., # # 0, the impulse response of prices to an innovation in the fundamental
value of the underlying asset, i.e., V;, is IR? such that

1

(1+7r)Q
pIR:., (17)

IR = -

IR}
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for t =0,1,.... It is easy to see that IR? — IR} = pIR?_, > 0 for all ¢ > 0. That is, the impulse
response in prices to an innovation in liquidity shocks is greater when 5 # 0 than when 3 = 0.
IR? > IR} for all t implies that the difference between the current price and equilibrium price is
smaller when 3 = 0. Therefore, it takes less time for price to converge in the case where noise traders
do not have predictable pattern, i.e., § = 0. In other words, the information diffusion rate is slower

if there is a predictable pattern in noise traders’ behavior.
Q.E.D

Lemma 3 shows that the existence of a predictable pattern in noise traders’ behavior leads to
a slower information diffusion rate. The slower information diffusion rate is due to the fact that
informed traders make trading decisions taking into account the predictable pattern in noise traders’
behavior that generates the persistent structure in prices.

In addition, we investigate the deviation of prices from the fundamental value of the underlying
asset due to the existence of the predictable pattern in noise traders’ behavior. If the deviation is
different than zero persistently, then the information is incorporated into prices at a slower rate.

Formally, if there is no predictable pattern in noise traders’ behavior, i.e., # = 0, there is no
deviation of prices from the fundamental value of the underlying asset because of the complete
market. That is, when 3 = 0, the price in every period fully reflects the fundamental value of
the underlying asset. Meanwhile, if there is a predictable pattern in noise traders’ behavior, i.e.,
B # 0, as shown in Equation 14, the price in every period deviates from the fundamental value of

the underlying asset. The deviation is

Dt = thfl (18)

for t = 0,1,.... It is easy to see that D; > 0 for all t. That is, the predictable pattern in noise
traders’ behavior leads to deviation of prices from the fundamental value of the underlying asset.
The information about the fundamental value of the underlying asset, i.e., innovation in V;, is
incorporated into the price at a longer horizon. It also takes prices a longer time to adjust to

account for the innovation in fundamental value of the underlying asset.
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Hierarchical Effect

This section study the role of hierarchical information levels in generating a slower information
diffusion rate. To isolate the beta effect brought by the predictable pattern in noise traders’ behavior,

we impose 3 = 0 in this part.

Proposition 4 The information diffusion rate is slower in the case of three information hierarchies

than in the case of two information hierarchies.

Proof: Formally, the three information hierarchies’ equilibrium when § = 0 is characterized as: If a

type 1 trader observes V! and V;? and a type 2 trader only observes V;2, the equilibrium price is

P = PyVi+ PeO, + Pa(V} = VY,
where
1
Py = ——
© Q(L+7)
a\
p, = — 0
v l+r—(1-MNa
Pl = wao(1+ )Py,

QL +7) —wac

where th = E[V} Fay, Q = w1 + we, wy = Var[Q41|F1.4), we = Var[Qu41|F2 ], where ¢ solves

2 1_a17>\)2 1—\ 1—X

%90 ( Tir 2 w1 2 w1 2
do - Tirl (1 o)(1—a2e)(14+ 21— —e(R - -
b%/ 02a2)\2 ( e)( a“c)( +w2( a01+r)) C(w2( a01+r))

The expectation errors follow an AR(1) process:
V=V =ac(V;L, — VL)) — bycet + kPLO,

where k = (1 —¢)/( aX s (zecty ). It is easy to see that P{, > 0. In addition, P, >

= T+r—a(1—X\) 1+Z_;(17‘w111i . y \% . » Ly

P} > 0. To see that,

wo(l +7)P,

Py, = — -~V
A QL +7) —wac
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- P} (19)

Notice that £1(1 — ac ijri‘) +1 > 1, so that P{, > P, > 0. The impulse response of prices to an

innovation in liquidity shocks of the underlying asset IR} is

IRy = (kPa+1)P}

IR} = a'ckPl for t>0 (20)

Notice that because shocks in the supply by noise traders, i.e., the innovations in O, affect the price
persistently because that they are incorporated into the persistent expectation errors formed by the
partially informed trader. It takes time for the partially informed traders to learn that liquidity
shocks are irrelevant to the fundamental value of the underlying asset. Thus, it takes prices a longer

time to adjust to the shocks in supply by noise traders and the information diffusion rate is slower.
Q.E.D

We further investigate the deviation of prices from the fundamental value of the underlying
asset due to the existence of the predictable pattern in noise traders’ behavior. If the deviation is
consistently non-zero, then the information is incorporated into prices at a slower rate.

Formally, if there is no predictable pattern in noise traders’ behavior, i.e., g = 0, there is no
deviation of prices from the fundamental value of the underlying asset because of the complete
market. That is, when g = 0, the price in every period fully reflects the fundamental value of the
underlying asset. Meanwhile, with three hierarchical information levels, the price in every period

deviates from the fundamental value of the underlying asset. The deviation is

Dy = PA(V! = V) (21)
fort =0,1,.... Itiseasy tosee that D; > 0 for all t. That is, the case of three information hierarchies

leads to the deviation of prices from the fundamental value of the underlying asset. The information

about the fundamental value of the underlying asset, i.e., innovation in V;, is incorporated into the

20



price at a longer horizon. Therefore, it also takes prices a longer time to adjust to the innovation in

fundamental value of the underlying asset.

B. Stationary Equilibrium

Similar to the case of two information hierarchies, there are two possible values of p for the

equilibrium. Solving the roots explicitly, we have

(L) /(L +r2+41- 08
Lz = 2(1—\)

(22)

From Proposition 2,we have P, — pP,_1 = +PyV; + %@t + Pa (\/}tl — V). The right hand side (RHS)
of the equation is assumed to be stationary and has finite variance given the stationary assumption

of V;. Therefore, the price is stationary when |p| < 1. Formally,

Proposition 5 The relationship between the stationarity of equilibrium and 3 can be summarized

as follows:

1. When noise traders are contrarians, the mazimum number of stationary equilibria is 1. For-
mally, there exist a unique stationary equilibrium if and only if the probability of liquidation is

not sufficiently large (A <2+ 1 — g)

2. When noise traders are trend followers and they are not too sensitive to price direction changes
(—M < (8 <0), and if the probability of liquidation is not sufficiently large (A < —r — %),
two stationary equilibria exist. Otherwise, if liquidation is sufficiently large (A > —r — %),

there ezists a unique stationary equilibrium.

3. When noise traders are contrarians and they are sensitive to price direction changes (8 <
—M}, and the probability of liquidation is sufficiently large (—r — g < A, there is a unique

stationary equilibrium. If the probability of liquidation is sufficiently small (A < %), there

are two stationary equilibria. Otherwise, i.e., 355 < X < —r —

) there is no stationary

B
Q

equilibrium.
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Proposition 5 suggests that in addition to the number of equilibria, the predictable pattern
of noise traders’ behavior can affect the stationarity of the equilibrium price process as well. It
is interesting to note that the impact of the predictable pattern of noise traders’ behavior affects
the stationarity of the equilibrium price process in a different way. For instance, in the case of
two information hierarchies, when noise traders are trend-followers, there can be two stationary
equilibria, while at most one equilibrium can exist in the case of three information hierarchies when

noise traders are trend-followers.

C. Persistent Prices

Proposition 2 allows us to calculate the correlation structure of prices explicitly. It can be shown

that in stationary equilibrium, the variance of price is

1 a’\? p

> 2 2 1 2 2 k2‘7(2~)
11— (2 +a(1+)\))2\/ar[vt] + 320+ Pag _pzcz(bvc +
P

Var[P] = m

g -

This demonstrates that there are two sources of noise in the price. One is the random (unpredictable)
behavior of noise traders, and the other is from the expectation errors of partially informed trader.
Notice that if the noise traders’ behavior becomes noisier, i.e., 0o increases, the variance of expec-
tation errors of the partially informed trader also increases. Intuitively, partially informed trader
will try to distinguish the effects of noise traders’ behavior and of the signals of the fully informed
trader on prices. Because noise traders’ behavior does not reveal any information on fundamental
value of the underlying asset, it is not helpful in forming expectations of the fundamental value of
the underlying asset. If the behavior of noise traders becomes noisier, it is harder for the partially
informed traders to extract useful information on fundamentals. The partially informed trader will
make greater errors in forming expectations of fundamental value of the underlying asset, which also
leads to a noisier market price.
Furthermore, the correlation structure of prices can be recursively represented as:

1 a’\?

CO P,Pi = Va, Pf +
V[P, Pr_1] pVar[P;_1] 1—p2((p%+a(1+)\))2

)Cov[Vi, Vi
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+PRCov[V} = VLV - V)
a a’\?
1—/)2((%Z +a(l+ )2
a® CL2)\2

1—p2((p%+a(1+/\))2

= pVar[P] + )+ Piac

COV[Pt, Ptfs] = pCOV[Pt, Pt75+1] + ) + PK(CLC)S

This shows that the prices are more persistent compared to the case of two information hierarchies

because of the additional correlation structure brought about by the expectation errors, i.e., P (ac)?.

D. Return Predictability

The return is defined by the difference in prices, i.e., r, = P, — P,_1. From Proposition 2, return

is
P 1 1

AV + = A0 + PAA(V, = V), 23
Al ) i+ 540 Ve =V) (23)
where AV, = V; — Vi1, AO; = 0, — O,_1 and A(V,! — V) = (V2 = V1) — (VE, — VL))

Notice that the statistical structure of returns is determined by the statistical properties of AV},
AOy, and A(th — V%), which correspond to evolution of the fundamental value of underlying asset,

noise traders’ behavior, and expectation errors. Notice that AV, follows an ARMA(1,1) process,

A(\/}tl — W) follows an ARMA(1,1) process and A, follows a MA(1) process. Formally,

AVi=Vi =Vici =a(Vici = Viea) +bv(er — €4-1) = aAVi1 + by (e — €4-1)

AWV = V) = ac(AT — V) — (byee! — k%@t — byecel | + k%@t,l) (24)

Similar to the analysis of prices, the correlation structure of returns is

a?\?
(& +a(l+X)
+PRCov[A(V;' = Vi), A(ViLy = Vioy)]

N Cov[AV;, AV, P 2
v , _s] — =08
(2 +a(l+ )2 DT e

2
B Cov[AV;, AV,4] — p—20(2_)

Cov[ry,ri—1] = pVar[ry_q1] + 3

Cov[ry,ri—s] = pCoviry, ri—si1] +
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+P2Cov[A(VE = Vi), A(V,L, = Vi) (25)

This shows that there is a serial correlation structure in returns. Moreover, it is possible to generate
momentum, i.e., a positive correlation in returns, under certain parameter values.

In this section, we investigate the impact of interaction between informed traders at different
information hierarchies, namely, the fully informed trader and partially informed trader, on equi-
librium properties. We show that compared to the case of two information hierarchies, the market
price contains an extra term, which is the expectation error originating from signal extraction by
the partially informed trader and adding noise to the market price. This leads to a slower infor-
mation diffusion rate. The slower information diffusion rate is due to the combined effects of the
“beta” effect (the persistence structure brought by the predictable pattern in noise traders’ behav-
ior) and the “hierarchical effect” (the extra noise brought by the signal extraction behavior of the
partially informed trader). Therefore, the increasing number of information hierarchies decreases
the information diffusion rate. That is, when there is an innovation in the fundamental value of
the underlying asset, it takes a longer time for the market price to incorporate the innovation and
reflects the fundamental value of the underlying asset. Furthermore, prices become more persistent.
The extra persistence is also due to the persistence in the expectation errors made by the partially
informed trader, which are due to the persistence of the belief updating. In addition, momentum
in returns can be generated as well. Two sources contribute to the formation of momentum. First,
as in the case of two information hierarchies, the predictable pattern of noise traders’ behavior can
aid in the formation of momentum via the self-fulfilling mechanism. Second, the autocorrelations in

expectation errors can contribute to the momentum as well.

ITI. Case of N Information Hierarchies

We extend the Case of three information hierarchies to allow for N information hierarchies to
study the impact of increasing the number of information hierarchies. Intuitively, with increasing

number of information hierarchies, the fully informed traders may want to trade with the traders
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in lower information hierarchies. This is because it is possible that the riskiness of trading with
the partially informed traders is lower than trading with noise traders because the riskiness orig-
inating from the unpredictable pattern of their behavior may be relatively larger. Formally, we
assume there are N factors determining the fundamental value of the underlying asset in a linear
fashion, i.e., V; = Nil V. In addition, we assume that there is no noise in signals for all types
of traders, and thent:ylpe i informed trader observes Vji,...,VN"1. Assume V; is an AR(1) pro-
cess, ie., V" = aV," | +byel forn =1,2,..., N — 1. The information set for a type 7 trader is

Fiy={P,Piq,....V,, Vi ,....,VN"L ..}, By construction, F;, C Fj, if i > j.

Proposition 6 If a type i informed trader observes V[, ..., Vthl, for i =1,2,....N —1. The

equilibrium price is

N-1 s—1 s—1
Pi = pPia+PyVi+ PoO; + Pau(V}, =V + Y Pacn OV =DV,
5=3 n=1 n=1
where
p
Po = =
B
a
Py = —
—% —a(l—=X\)

CLwal()\ + (1 - )\)P\/)
3 N—-2
-5 —a(l=}) l; w;

forl<s< N —2,

N-1 N—2
a > wiA+ (1 =ANPv)—awsy1 > Pai
PAs _ i1=s — i1=s+1
—% —a(l—=X\) l; w;
fors=1,
N—2
aws(A+ (1 — N\ Py) — acws Z Phi
PAl _ =2

—% —awi (1 —A)ec
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Ny . N—1
where VI, = E[V7|Fg,] for j=1,2,...,s = 1; Q=3 wy; ws = Var|Qu41|Fs], p solves

n=1
(1=NQ* - (1+7)Q—-B=0
and ¢ solves
@aé(l —¢)(1 —a*c) — cb3 (Py — Z Pps)? =0
s=1

The expectation errors from type 2 traders follow an AR(1) process:

‘721,15 -Vi= ac(%l,tfl —Vihy) = bveet + kPo©,

1—c

where k = - ~— .
a — Y Pas
B a1t N) X Pa

) s=1

The expectation errors from type s traders follow an AR(1) process, for s > 2:

s—1 s—1 s—1 s—1 s—1
in n __ on n )

E Vs,t - E Vit = Q(E ‘/s,tfl - E Vi) — by E €t

n=1 n=1 n=1 n=1 =1

Remarks:

1. Observational equivalence of informed traders in higher information hierarchies. Notice that,
the noise traders’ behavior only affects the type 2 trader (the partially informed trader in
second highest information hierarchy) directly. Partially informed traders in other information
hierarchies need to distinguish more than two sources of randomness, and they only have
the market price as an identifying instrument. One interesting result in this setting is that
the forecasting of the signals owned by the trader in a higher hierarchy collapses. Formally,
E[E[V{|F;4)|Fi+) = E[V{?|F; 4], which follows directly from the law of iterated expectation. It
simply states that the traders’ best guess in lower hierarchies concerning the signal received
by the traders in higher hierarchies is their own expectation of the fundamental value of the

underlying asset. This suggests that traders in lower information hierarchies simply cannot
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distinguish the traders in higher information hierarchies, implying that all traders in higher
information hierarchies are observationally equivalent in the perspective of a trader in a lower

hierarchy.

. Traders in higher information hierarchies may want to trade with informed traders in lower
information hierarchies. Intuitively, the fully informed trader knows the optimal trading deci-
sions of any partially informed traders in lower hierarchies. Therefore, there is only one type
of risk if the fully informed trader wants to trade with the partially informed traders, which
originates from the probability of being liquidated. Meanwhile, in addition to the liquidation
risk, the fully informed trader faces extra risk when he wants to trade with noise traders,
which is due to unpredictable part of noise traders’ behavior. In other words, it may be more
profitable for the fully informed trader to trade with the partially informed traders rather noise
traders. It can be shown that under certain parameter values, the fully informed trader will
trade against the partially informed traders rather than noise traders. We will elaborate more

on it in a later section.

. The rationale for the presence of noise traders. Following the analysis above, when traders
with an informational advantage choose not to trade with noise traders, noise traders could
make a profit. The conventional wisdom that noise traders could not make a profit in the long
run dictates that informed traders have the informational advantages and do at least well as
noise traders. However, in our model, informed traders may prefer trading among themselves
rather than trade against noise traders. This may lead to profits for noise traders even in the

long run. Thus, the presence of noise traders on the market is justified.

Information Diffusion Rate

Similar to the case of three information hierarchies, the persistent structure in prices leads to a

slower information diffusion rate. The slower information diffusion rate is due to two sources: the

“beta effect” and the “hierarchical effect”, as in the case of three information hierarchies. The “beta

effect” works similar to that in the case of three informational hierarchies and we restrict ourselves
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to the study of the “hierarchical effect”. In Particular, we want to study the relationship between

information diffusion rate and the number of information hierarchies.

Hierarchical Effect

This section studies the roles of the number of information hierarchies in generating a slower
information diffusion rate. To isolate the beta effect brought by the predictable pattern in noise

traders’ behavior, we impose = 0 in this section.

Proposition 7 The information diffusion rate slows as the number of information hierarchies in-

creases.

Proof: Formally, the NV information hierarchies equilibrium when 8 = 0 is characterized as: If a type

i informed trader observes V!, ..., VtN ~! for i=1,2,...,N — 1. The equilibrium price is
N—-1 s—1 s—1
P = PyVi+ P8O+ PL(Vy, =V + Y PLa (Y V=) Vi),
s=3 n=1 n=1
where
1
Py = -
© Q1 +r)
A
pl — a
v 1+7r—(1-MNa

awn_1(A+ (1 = A)FY))

N—2
1+ —a(l—2N) Z w;

1"
PAN—2 -

forl<s< N —2,

N-1 N-2
a Yy, wiA4+ (1 —=ANPy)—awsy1 Y., Pai
P// o 1=s 1=s+1
As T

(14792 —a(l - \) Sf wi
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for s =1,

N—2
awz (A + (1 = N)Py) —acwz Y PJ,
i=2

P// —
Al (1 +7)Q—awi (1 — N

. : N—1
where V7, = E[V/|F ] for j =1,2,...,s = 1; Q= 3 wy; ws = Var[Q41|Fs ], where ¢ solves
n=1

o0 U0 | _ o+ 2 — a2 )2 =
b%/ 02a2)\2 € ¢ wa acl—l—r ng al—l—r -

The expectation errors from type 2 traders follow AR(1) process:

‘721,15 -Vi= ac(%{tfl —Viby) = bvee + kPEO,

aX —Z; (17ac—lljri)
where k = (1 — o) /(=5 T} oL (] eI ).
wa

T+r
The expectation errors from type s traders follow AR(1) process, for s > 2:

s—1 s—1 s—1 s—1 s—1

n n __ n n )
E Vs,t - E V= Q(E ‘/s,tfl - E Vi) — by E €¢-
n=1 n=1 n=1 n=1 i=1

It is easy to see that P{/ > 0.
The impulse response of prices to an innovation in liquidity shocks of the underlying asset IR},

is

IRy = (kPX.+1)P§
IR} = d'c'kP§ for t>0 (26)

Notice that liquidity shocks, i.e., the innovations in ©,, affect the price persistently because that the
shocks in supply by noise traders are incorporated into persistent expectation errors formed by the
partially informed traders. It takes time for the partially informed traders to learn that the changes
in prices are due to shocks in supply and are irrelevant to the fundamental value of the underlying

asset. Thus, it takes prices a longer time to adjust to account for the shocks in supply of noise
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traders and the information diffusion rate is slower.

QED

Further, we investigate the deviation of prices from the fundamental value of the underlying asset due
to the existence of the predictable pattern in noise traders’ behavior. If the deviation is consistently
non-zero, the information is incorporated into prices at a slower rate.

Formally, if there is no predictable pattern in noise traders’ behavior, i.e., # = 0, there is no
deviation of prices from the fundamental value of the underlying asset because of the complete
market. That is, when S = 0, the price in every period fully reflects the fundamental value of
the underlying asset. Meanwhile, with N hierarchical information levels, the price in every period

deviates from the fundamental value of the underlying asset. The deviation is

N-1 s—1 s—1
Dy=Ppi(Vyy =V + Y Pacs YV = D V) (27)
s=3 n=1 n=1
for t = 0,1,.... It is easy to see that D, > 0 for all t. That is, the case of N information

hierarchies leads to deviation of prices from the fundamental value of the underlying asset. That
is, the information about the fundamental value of the underlying asset, i.e., innovation in V; is
incorporated into the price at a longer horizon. In addition, as the number of information hierarchies
increases, the deviation could be even larger because of the existence of the expectation errors formed

by all partially informed traders.

B. Trading Among Informed Traders

As mentioned earlier, the traders in higher information hierarchies may want to trade against the
traders in lower information hierarchies. To illustrate, let us consider the case of three information

hierarchies. As shown in Appendix A, the demand from the fully informed trader is

wi((L=Np = (L+7) P+ A+ (1= N Py)aVi + (1 = N PaE[(VY, = Vii)|Fi) (28)
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while the demand from the partially informed trader is
wa((1=Np = (1+7)Pi+ A+ (1= N Py)a(V! + V) (29)

where V! = a(1 — k(Py — Pa))V,L, + k(Py — Pa)V;* + kPo®;.

Consider a scenario where there is a supply shock and no change in the fundamental value of
the underlying asset, such that noise traders choose to supply more, i.e., AGO; > 0. Although there
is no change in the fundamental value of the underlying asset, both types of informed traders will
adjust their optimal demands accordingly. Notice that partially informed traders will adjust their
expectations of the fundamental value of the asset downward, due to the fact that they cannot
distinguish the decrease in fundamental value of the underlying asset from a positive supply shock.
Hence, the quantity of adjustment for partially informed traders is (A 4+ (1 — A) Py )akPoAO; and
for fully informed traders is (1 — A\)PaE[(VL, — VA1) F14.

As indicated earlier in Proposition 2, the expectation error is an AR(1) process and thus per-
sistent. Therefore, from the perspective of the fully informed trader, the expectation error should
have the same signs for time ¢ and time ¢ + 1.

If Po < 0 and thus (A + (1 — A\)Py)akPe < 0, partially informed traders will choose to decrease
their optimal demand by mistakenly believing that the fundamental value of the asset decreases.
This is simply because they cannot distinguish the decrease in fundamental value in the underlying
asset from the a positive supply shock. On the other hand, when Px < 0 and thus (1 — \)Pa < 0,
fully informed traders will trade based on the expectation errors from partially informed traders.
Notice that partially informed traders will adjust their expectation of the fundamental value of the
underlying asset downward, i.e., \/}tl — Vi < 0. From the persistence of the expectation error, fully
informed traders will believe E[(V;Y, — V;L,)|F1,] < 0. Thus, they will increase the holding of
the underlying asset in order to make profit from the mistakes of the partially informed traders.
Therefore, fully informed traders trade against partially informed traders by trading in opposite
directions. In summary, we show that when Pg < 0 and Pa < 0, fully informed traders trade

against partially informed traders in order to profit from the mistakes of the partially informed
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traders.

Proposition 8 If 3 <0, p >0 and 0 < k < 1, trading amongst informed traders can happen. In

addition, in this case, Py < 0.

[ < 0 implies that noise traders are trend followers and p > 0 implies that the price has a positive
autocorrelation coefficient which matches the empirical observation of the financial time series of
price. According to the Bucy-Kalman filter formula, k is the weight used in the belief updating.
A positive k suggests that new information and current belief both receive attention. As a result,
the partially informed traders adjust their belief in a wrong way when there is a positive shock in
supply.

A negative Py suggests that when there is a positive innovation in fundamental value of the
underlying asset, the price may decrease in response. This is inefficient because such trading amongst
informed traders can prolong the procedure of information diffusion and thus the rate of information
diffusion is slower.

Proposition 8 characterizes one set of possible parameter values which can generate trading
amongst informed traders. That is, partially informed traders mistakenly adjust their beliefs in a
wrong way when they cannot distinguish the positive shock in supply from a decrease in fundamental
value of the underlying asset. If fully informed traders know that noise traders are trend followers
and partially informed traders make a mistake in adjusting their beliefs, they will trade against the
partially informed traders to make a profit. This profitable opportunity originates from the mistakes
made by the partially informed traders. This is inefficient, because if that is the case, it leads to a
negative response of current market price to a positive innovation in the fundamental value of the
underlying asset. This distortion of price response is due to the informational arbitrage amongst

informed traders.
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IV. Numerical Analysis

In this section, we present a numerical study of the model. Using this numerical study, we
can show the statistical properties of equilibrium, namely, the price structure, and the return pre-
dictability. Second, we want to investigate the “beta effect” and the “hierarchical effect” and their
implications.

The parameters used in the simulation study are as follows. The probability of liquidation A
is 5%, which corresponds to an expected lifespan of 20 periods. The risk-free rate r is 1%, which
corresponds to the annual yield on a treasury bill. The parameters that describe the fundamental
value of the underlying asset are chosen to match the volatility of returns at 12% and we set a = 0.85
and by = 0.3. We vary the above parameters and find that the different sets of parameters do not

change the main results qualitatively.

A. TImpact of Noise Traders

First, we study the effects of noise traders’ behavior. We mainly study the behavior of noise
traders in the case of two information hierarchies and the case of three information hierarchies. For
the plots, to match the prices’ empirical behavior, we want to have a positive AR(1) coefficient
that is close to 1. We choose f = —2 in the case of two information hierarchies and g = —20 in
the case of three information hierarchies. The Figure 1 shows a typical set of plots of price series,
return series, and persistent structure which is captured by autocorrelations of prices and returns.
It shows that the prices are persistent, and there is a first order positive serial correlation with the
magnitude 0.8 in returns. There is a positive serial correlation in returns which suggests the existence
of momentum. Similar patterns can also be observed in the plot of the case of three information
hierarchies, although the first order serial correlation in returns drops and returns become much less
persistent, which is a better approximation of the empirical behavior of returns. This decrease in
persistence structure in returns may be due to the existence of interactions between the informed
traders which diminishes the effect of the persistent structure brought by the predictable pattern in

noise traders’ behavior. Thus, when there are more information hierarchies, the magnitude of the
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momentum effect is smaller, as shown in Table II. The magnitude of the first order autocorrelation
of returns decreases when the number of information hierarchies increases. Furthermore, Table
IT indicates that the persistence structure in returns decreases when the number of information
hierarchies increases.

Table I shows that the simulation results for “beta effect” in the case of three information
hierarchies. First column reports AR coefficient of price series, p. It demonstrates that when the
magnitude of § increases, the AR coefficient p decreases. Intuitively, when the size of noise trading
on a financial market increases, the behavior of the market price is driven by the noise traders’
behavior. The forecasting behavior of informed traders which contribute to the persistence of price
in a diminishing manner. The second column reports the first lag serial correlation in returns which
also suggests that the magnitude of “momentum effect” decreases as the magnitude of § increases.

There is an ARCH effect in returns which suggests the volatility clustering of returns. Intuitively,
because there are potentially two equilibrium with two ps, the switching from equilibrium can induce
the volatility clustering of returns. The persistence structure of squared returns decreases as the
magnitude of 3 increases as evidenced by the decrease in the reported sum of the autocorrelation
coefficients of first 10 lags of squared returns.

Define A; = \/}tl — V1. Table I reports the effects of the predictable pattern of the noise traders
behavior. 3 become more negative implying that the noise traders trade more and more aggressively
as trend-followers.

The negative correlation between A; and V; is interesting. It implies that when there is a
positive shock in the fundamental value of the underlying asset, the expectation is biased downward.
Therefore, the partially informed trader takes a fundamental risk. When noise traders trade more
and more aggressively, the partially informed trader takes more and more fundamental risk. The
seventh column shows that given the noise traders are trend-followers, they are right about price
direction. It is may be due to that the fully informed trader may find out that it is not that
profitable to trade with noise traders and he chooses to trade with the partially informed traders

using his own informational advantage. Notice that in our setting, it may be less risky to trade
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with the partially informed traders than with noise traders. Although there is predictable pattern in
noise traders’ behavior, it becomes increasingly risky when noise traders trade aggressively. Hence,
the fully informed trader instead chooses to exploit his informational advantage over the partially
informed traders.

The negative correlation between expectation errors and supply shocks is also consistent with
our intuition. Intuitively, if there is a positive shock in liquidity supply, the price will go down. The
partially informed trader cannot distinguish whether the drop in price is due to a negative shock in
fundamentals or a positive shock in supply. Hence, he adjusts his expectation downward.

The deviation of price from the fundamentals is increasing in 5. When the magnitude of 3
decreases, i.e, traders trade less aggressively, p increases. When p approaches 1, there is a sharp
increase in the deviation corresponding to a 98% increase in mean of price. It seems that as noise
traders trade less aggressively, the price becomes more persistent and the a bubble, i.e., the deviation

of market price from the fundamental value of the underlying asset, is generated.

B. Impacts of the Number of Hierarchies

We choose 3 = —20 for all values of N. Table II reports the effects of the number of information
hierarchies. First thing to note is that the corresponding AR coefficients of price monotonically
increase when IV increases, implying that price becomes more persistent. Intuitively, if there are more
information hierarchies, the expectation errors from the signal extraction behavior of all partially
informed traders make the price more persistent. The weight of the past price in determining the
current price increases as more partially informed traders try to do signal extraction. Thus, the
current, price is more correlated with the past price, i.e., the AR coefficient for price increases.

The autocorrelation coefficient of return decreases as the number of the information hierarchies
increases as we indicated earlier. To be consistent with the empirical finding, the number of infor-
mation hierarchies should be greater than 9, which generates a 0.1 to 0.2 autocorrelation coefficient.
ARCH effect exists in the returns as well. And the persistence structure of squared returns increases

as the number of information hierarchies increase.
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As shown in the last column of Table II, the slower information diffusion rate is captured by the
number of time periods it takes for the price to converge back to the long run equilibrium price. To
do this, we start with a positive supply shock with a magnitude 0.1 and set all V;s constant. Then
we examine the difference between the current price and the fundamental value of the underlying
asset. If the difference is sufficiently small, the price converges to the fundamental value.'! Then
we report the number of periods for the price to converge. We can see clearly that as the number of
information hierarchies increases, it takes a longer time for price to converge back to the long run
fundamental value of the underlying asset. This provides simulation evidence of one of the main
results of the paper: As the number of information hierarchies increases, the information diffusion
is slower. A similar experiment is studied for the shock in the fundamental value of the underlying

asset, and a similar pattern is found.

V. Conclusion

In this paper, we develop a discrete time, infinite time period model to understand the relation-
ship between hierarchical information and price discovery. The partially informed traders trade a
stock based on their signals and expectation of the signals received by fully informed traders. The
expectation errors from the signal extraction behavior of the partially informed traders is preserved
in the market price, which prevents the information from being released at the same rate as if there
was no hierarchical information among traders and the information was released instantaneously.
As the number of informational hierarchies increases, it becomes harder for the partially informed
traders to distinguish between the shock in fundamental value of the underlying asset and liquidity
shock brought about by noise traders. The slower price discovery process of the financial market
can also be partly due to the fact that fully informed traders may prefer to trade with partially
informed traders. In order to make a profit from the partially informed traders, the fully informed
trader should prevent the information disclosure and takes the opposite position of the partially

informed traders if they make large expectation errors. Therefore, this informational arbitrage leads

11In the simulation, we use 104 as a threshold level.
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to a slower information diffusion rate.

In addition, noise traders’ behavior is modeled with a predictable behavior pattern. This frame-
work yields a number of interesting findings. For instance, the predictable pattern of noise traders
brings the persistence structure in prices regardless of the statistical properties of the fundamentals
of the underlying asset. In addition, the predictable pattern of noise traders’ behavior can aid in
the formation of the momentum, i.e., the positive autocorrelation in returns.

One potentially interesting avenue for future work is to endogenize the evolution of the predictable
pattern of noise traders’ behavior. Doing so would allow us to determine the relationship between
the information diffusion and liquidity of the market. For instance, this extra uncertainty of the
predictable pattern in noise traders’ behavior may affect the interactions among informed traders
and further affect the information diffusion speed. Meanwhile, the evolution of the liquidity supply
of noise traders will affect the market depth. This study may provide insights into the correlation

of market depth and information diffusion speed.
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8¢

Ié] p Corr[ry,me—1] ARCH Y |ACF(r{)| Corr[Vi,As] Corr[©:,A;] Bubble

-11 0.995 0.753 0 1.879 -0.460 -0.508 0.670
-15  0.960 0.736 0 1.092 -0.541 -0.331 0.025
-20 0.922 0.723 0 0.964 -0.586 -0.213 0.010
-25  0.880 0.697 0 0.867 -0.607 -0.130 0.006
-30  0.833 0.657 0 0.775 -0.618 -0.068 0.003
-35  0.776 0.585 0 0.587 -0.624 -0.018 -0.001
-40  0.701 0.536 0 0.640 -0.626 -0.028 0.013
-45  0.594 0.488 0 0.506 -0.630 -0.069 0.003

Table I.: EFFECTS OF THE PREDICTABLE PATTERN OF THE NOISE TRADERS’ BEHAVIOR. The first column reports the corresponding AR
coefficient of the price series, p. The second column reports the first lag serial correlation in returns. The third column reports the
P-value of the ARCH test with the Hyp: No ARCH effects in returns for the first 10 lags. The fourth column reports the sum of the
magnitudes of the autocorrelation function (ACF) coefficients of the squared returns for the first 10 lags. The fifth column reports
the correlation between fundamental value and the expectation errors of the partially informed trader. The sixth column reports the
correlation between liquidity shocks and expectation errors from the partial informed trader. The seventh column reports the deviation
of price from the fundamental value discounted using a risk free rate and corrected for liquidity risk. The fundamental value of the
asset is defined as AaVy . The equilibrium price without liquidity shocks is used for comparison with the purpose of isolating the

1+r—(1—X)a
effects of 3. Formally, PP = pp, | — %Vt + PA(VE = V.
N p Corr[re,m—1] ARCH > |ACF(r{)| Adjustment Periods
5 0.859 0.692 0 0.797 7
6  0.895 0.490 0 0.855 11
7 0.920 0.301 0 1.282 18
9 0.939 0.208 0 1.578 29
10  0.952 0.154 0 1.848 32
14 0.987 0.113 0 2.978 36
15 0.992 0.109 0 2.156 39
Table II.: EFFECTS OF THE INCREASING NUMBER OF HIERARCHICAL INFORMATION LEVELS. 3 = —20 for all the cases. The first column

reports the corresponding AR coefficient of the price series, p. The second column reports the first lag serial correlation in returns. The
third column reports the P-value of the ARCH test with the Hp: No ARCH effects in returns for the first 10 lags. The fourth column
reports the sum of the magnitudes of the autocorrelation function (ACF) coefficients of the squared returns for the first 10 lags. The
fifth column reports the number of time periods for the price to converge back to the stationary equilibrium price level given a positive
shock in supply of noise traders.
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Figure 1: SIMULATION RESULTS IN TWO INFORMATION HIERARCHIES CASE. (a) Time series of simulated prices. (b)
Time series of simulated returns. (c) Time series of simulated variance of returns. (d) Average autocorrelations of
returns across 100 simulations.
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Figure 2: SIMULATION RESULTS IN THREE INFORMATION HIERARCHIES CASE. (a) Time series of simulated prices. (b)
Time series of simulated returns. (¢) Time series of simulated variance of returns. (d) Average autocorrelations of

returns across 100 simulations.
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Appendix 2.A: Proofs:

Proof to Proposition 1

It is straight forward to check that the proposition holds. Then we leave out for readers’ exercise.
Q.E.D

Proof to Proposition 2
If hierarchical information structure is assumed, the infinite regress problem collapses. The iterated
expectations is reduced to \/}tl = E[V}|Fy,]. We restrict ourself to the linear rational expectation

equilibrium, where the price is a linear function takes the form of
Pt:thfl"rPV‘/t‘i‘P(—)@t+PA(‘/}151_‘/151) (30)

Given Equation 30, the demand for type 1 trader, the fully informed trader and the demand of type

2 trader, the partially informed trader are

X} = w1 B[Qi41|F1 )

X? = w2 E[Qu41|Fat] (31)
Using Equation 30, we have

Qiy1 = MW +(A=XNPp1 —(1+1r)P

AVig1+ (1= N (pP: + PyVigr + PoOri1 + Pa(Vi, = VA) — L+ 7P

(1 =NpPe+ A+ (1= XN)Py)(aVi +byer) + (1 = A) POy

+(1 = NPA(VAL V) — 1+ 1)P (32)

Hence, we have

BlQisi|Foy] = ((1=Np— (1 +m))P+ A+ (1= NPylalVi + V2] + (1= NPa(Vhi - Vha)
= (1=Np=(1+m)P+ A+ (1= NP )a(V} +V?)
= (1=Np=1+m)P+ A+ (1= NP)aVi + A+ (1= N Py)a(V} - V)
EQuiilFid = ((1=Np—(1+m))P+ A+ (1= N Py)aVi+ (1= N PaB[(Viy, — Vi) Fi)

(33)
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Therefore, aggregate market demand is

X+ X2 = QO -=Np—0+m))P+ A+ (1= NPy)aWr)

@1 (1= NPAEVYy = VA IFL] +we A+ (1= N Py)a(Vy = Vi)

(34)
Market clearing condition implies that
BP1+6: = QAL —=Np—(1+r)P+ A+ (1= A)Py)aVi)
Hwi(1 = NPAEVA, = VP + w2 (A + (1= N Py)a(V! = VY
(35)
Matching coefficients with Equation 30, we have
- B
QL=Np—(1+7))
P _ 020+ (NP
v QA= Np— 1 +7)
1
Py =
7 QT =Np—(1+r)
(36)
Hence, we can solve all parameters except Pa and they are
0 = (1=M)2" —(1+71)-8
a\
Py = — -
v a1
Po = g
(37)

Now, we need to calculate Pn. In order to do that, we need to model the filtering expectation
problem for type 2 trader explicitly. What type 2 trader can effectively observe is (Py — Pa)V,! +
Po©,. He need to forecast V;!. Tt is essentially a filter problem. We set up the system as

Vit aVily +byve;

(Py — PA)V}' + Po®;

Yt
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Where €} is iid normal with mean 0 and variance 1 and © is iid normal with mean 0 and variance

0%. Applying Kalman-Bucy filter'?, we have

V! =a(l— k(Py — PA))VE | + k(Py — Pa)Vi' + kPe©;
where k solves

P3oda®(Py — PA)K? + (P30 (1 — a®) + by, (Py — Pa)*)k — b, (Py — Pa) =0
Let ¢ =1 — k(Py — Pa), we can rewrite Equation 38 into

V-V =ac(VE, — Vi) —byeef + kPo®y

If we impose Equation 39 on the market clearing condition, we have

wiac(l = N)Pa +waa(A+ (1 — N)Py)

Fa = o1 —Np— 1+ 1)

Hence, we can solve for Pa and ¢ simultaneously

A+ (1=2X ad

awz(A+ (1 =N 20 s)

PA = B 3
-2 —aw1 (1 —N)c

where ¢ solves

2
%05(1 —¢)(1—a%c) — % (Py — Pa)2 =0

Proof to Proposition 6

(38)

(39)

(40)

(41)

QED

We only prove it when N = 4. The proof for N > 4 is similar. First, we have two partially informed

traders, type 2 trader who knows V2, V;3, and type 3 trader who only knows V,3. Notice that there

is only one instrument for them to filter the useful information for them, i.e., the market price of

the underlying asset. We conjecture the price to take form of:

Pi = pPiy+PuVi+ 20, + Par(Vd, = V) + Par (Vi + V2, — Vi = VD),

B

12See Jazwinski (1970) for a description.
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where ‘72115 = B[V} Fy,], ‘73115 = E[V]'|F34], ‘73115 = E[V?|F3.4.

Given Equation 42, the demands from all traders are:

X! =w1B[Qu1|F1
X7 = wrB[Qu11|Fa,)

X} = w3 E[Qu41|Fs,4]
Using Equation 42, we have

Qi1 = AW+ (1= AN)Pyp —(1+1)P
= AVt (L= AP+ PrVigr + PoOupr + PAI(‘721¢+1 — Vi)
+Pp2(Vay g1 + Vi — Vil = Vida)) — (L+1) P,

= (A=Np=0+r)P+ A+ A =XPy)(aVi +bye) + (1 = A)PeOria

+(1 = A)(Par (V21,t+1 - th+1) + Pz (V31,t+1 + V32,t+1 - th+1 - Vt2+1) (43)
Hence, we have:
ElQu|Fs = (1=Np— L +m)P+ A+ 1= NPy)a(Vi, + V2, +V7)

(1= N Par(E[VS | Fsdl = Vi)
= (A=Np—A+m)P+ A+ (1= NP)a(Vi, + Vi, + V)
= (1=XNp—00+7)P+\+(1—=XNPy)aV; +

A+ (1- A)PV)G(‘A/?},tH + ‘732,t+1 - Vi -V3)

ElQualFad = (L= Np—1+1)P+ A+ (1= NPy)a(V} + V2 + V)

+(1 - A)PA2E[(V31¢+1 + V‘3>2,t+1 — Vi = VAL

= (1=Np—Q+r)P+ A+ (1= NP)aV + A+ (1 = NPy)a(Vy, — Vi)
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+(1 - )\)PA2E[(V?,1,t+1 + V32,t+1 - Vt%H - Vt2+1|F2,t]

—~(1 = N PazE[Va1 — Viyy|Fa

ElQui|Fid = (1=Np—(1+r)P+ A+ (1=NPy)aV; + (1 - NParE[(Vd 1 — Vi) F1]
H(1 = NP2 E[(Vy oy + Vi — Vi = VA FLd] (44)

Imposing market clearing condition and match the coefficients with Equation 42, we have:

B
p =
QUL =Np— (1 +7))
aQA+ (1= NPy
Py, = -
QA -=Np—(Q1+r))
1
P~ —
° A -Np-(1+r)
(45)
Hence, we can solve all parameters except Pa: and Pa2 and they are:
0 = (1-N* —(1+7rQp -7
a
P, = ——m———
—% —a(l—=X\)
Po = %
(46)

Now, we need to calculate Pa1 and Pa2. In order to do that, we need to model the filtering
expectation problem for type 2 trader and type 3 trader explicitly. What type 2 trader can effectively
observe is (Py — Pa1 — Pa2)V,! + Po©;. And type 3 trader can effectively observe (Py — Paz) (V! +
V3) + PAl(\/}Q{t) + Po©;. Type 2 trader need to forecast V;} while type 3 trader need to forecast
V!, V2 and 1721t Notice that in hierarchical information structure, F3; C Fs;. Therefore we have

E[EV Fou)|Fs4) = E[VHF34 = \/}?}t which follows directly from law of iterated expectation.
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Next, let us write the filter problem for type 2 trader first:

Vio= aVlitbvg

Y = (PV — Par — PAz)th + PoO,

where €] is iid normal with mean 0 and variance 1 and © is 4id normal with mean 0 and variance

0%. Applying Kalman-Bucy filter, we have:

Vi = a(l = k(Py = Pa)Vily + k(Py — Pa)V;' + kPo®, (47)
where k solves

Pdoga’(Py — Pa)k* + (P3og (1 — a®) + b3 (Py — Pa)*)k — by (Py — Pa) =0

where Pn = Pa1 + Paz.

Let ¢ =1 — k(Py — Pa), we can rewrite Equation 47 into
‘7151 -V = QC(‘Zlfl — Vi) —bvee, + kPo®; (48)

We continue to investigate the filter problem faced by type 3 trader:

Vi + V2 a 0| Vii+V2, 10 by e
_ = . + (49)
V21¢ -Vt 0 ac V217t71 -V, 0 1| |—bycel + kPO,

The second line of Equation 49 means that type 3 trader do not make systematic expectation errors.
It implies that in equilibrium, type 3 trader can forecast the right parameter values which determine
the evolution process of the expectation errors for type 2 trader but not the errors themselves. If

we apply Kalman-Bucy filter again, we have:

{‘733 + ‘732t-l . [1 O-I B [kl(Pv — Paz) ’ﬁPAl-I ) {a O-I {‘73571 + ‘732,1571-|
‘731,15 - ‘73115 [O IJ [k2(PV — Paz) k2PA1J [O QCJ [‘Z&{tl - ‘731,th
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ki ((Py — Paz) (V! + V2) + Par (V) + Pe®©y)

R , (50)
k2((Py — Pa2) (V' + Vi) + Par (V3') + Po©y)

where k1 and ko are parameters describe the weights used in filtering. Notice that it is really
complicated to solve the parameters matrix directly. But we do not need to solve for the parameters
value for filtering. We only need to describe the evolution of expectation errors of type 3 trader.

Notice that \731t - \731t = 0 by law of iterated expectation. Equation 50 can be reduced to:

Vi, + V2, (1 0 ki(Py — Paz) ki Pa: e 0 (V1 + V3,

0 1 kQ(PV—PA2) kQPAl 0 ac 0

+ (« , (51)
Ea((

0
{kl Py — Paa)(VE+ V) + Par (V) + Pe@t)-l
[ Py — Paz)(V,;' + V) + Pa (‘721,0 + Po©y)

Explicit calculation shows:

VLA VE V-V = all—ki(Py — Pa2)) (Vi + V2, — Vi = V2)) + ki Pe®,

+h1Par (V= V) + (1 = ki (Py — Pa2))by (€] +€2)

PAI(V21¢ -V = a(Pv— PA?)(Vsl,tq + V32,t71 -V, -2
—bv(PV — PAz (6% + 6?) — P@@t> (52)

Substitute the second line of Equation 52 into the first line of Equation 52, we have

(‘73115 + ‘73215 -V =-V3 = a(‘/}?},tfl + ‘732,%1 Vi V) —bu(e +€)
(53)
Equation 48 and Equation 53 describe the evolution of expectation errors of type 2 trader and type
3 trader respectively. Using them with market clearing conditions, we have:

aws(A+ (1 — \)Py)
—% —a(wy +w2)(1 = N)

Ppre =
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awzs(A+ (1 = A)Py)) — ac(l — N)wa Pa2

Py =
—% —ac(l = Nwy

where ¢ solves

2
01— o)1 — a2e) — b (——

L — Py —Pa)?=0
7 s TRSEES

QED

Proof to Proposition 8
From Proposition 2, Pg = %. Hence, if 3 <0 and p > 0, Po < 0. Po < Osuggests that if there is a

positive shock in noise traders’ supply, price should decrease in response.

Then we only need to check the sign of Pa.

First, we prove that if PA < 0, then Py < 0. Suppose not, Py > 0.
oy o a\

From Pr0p081t10n 2, PV = %,

To see this, if Py > 0, that is, —% —a(l — ) > 0. We must have Q(—% —a$g-(1—A)c) >0 and

the sign of Py is determined by the sign of —% —a(l=M\).

awz(A + (1 — A\)Py) > 0. From Proposition 2, Pa is

aws(A+ (1 — A\)Py)
—% —awi (1 = N)c
aws (A + (1 — \)Py)

_ 54
Q2 —a% (1 -\ (54)

Py =

Wi

Recall 2 = w1 + w2 and both w; and wy are positive. Hence, %

< 1. Therefore, both numerator

and denominator are positive. Hence, Pa > 0. That is, to have a Pn < 0, Py should be negative.

If Py is negative, i.e., —% —a(l—X) <0.

There are two possible scenarios: first, the numerator in Equation 54 is negative, i.e., if Py < —ﬁ.
The denominator of Equation 54, (—% —a‘g-(1—A)c), should be positive in order for PA < 0. That
is, a3 (1 = ANe < —% < a(l = X). Notice that this requires that %g-c < 1. Because G < 1, it is

sufficient to have ¢ < 1. From the proof to Proposition 2, we know that 0 < £ < 1 can guarantee

O<ec<1.
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Second, the numerator in Equation 54 is positive, i.e., if 0 > Py > —% However, it is not possible.

)\
To see that,
s A aX(1 =) + A[— 45 —a(l = V)]
DY [_%_QQ—A)]U—A]
_ Ao

(55)
2 —a(l- N1 - A

We know that g < 0, p > 0, Q > 0 and A > 0. Hence, the numerator of Equation 55 is positive. For
the denominator, [—% —a(l — A)] < 0 because of Py < 0 and [1 — A] > 0. Thus, the denominator

of Equation 55 is negative. That is, Py + 125 < 0. In other word, (A + (1 — A\)Py) < 0. That is,

only the first scenario is possible.

QED

Appendix 2.B

Derivation of Equation 5

In order to get Equation 5, we need to rewrite Equation 4 into

() A
Pt — th,1 = — i A + TE[)\‘/tJrl + (1 - )\)(PtJrl - th)]

w(l+7) 1+
where A is a constant. Hence,

Ap(l —A)

1
(I+ 1+7r

VP, = pPi1 —

O, A
ST A+ T EWisa + (1= )Py

In order to match the coefficients of Equation 4, we need to have:

B
w(l+7)
Ap(1—A)
1+7r

> Do
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The first line implies that A = and substitute it into second line. Then we have:

__ B
pw(1+r)

(1=XNp*+ (1 +7)wp+B=0.

50



References

Foster, F. and Viswanathan, S. (1993). The effect of public information and competition on trading

volume and price volatility. The Review of Financial Studies, 6, 23-56.

Grossman, S. and Stiglitz, J. (1980). On the impossibility of informationally efficient markets.
American Economic Review, 70, 1393-408.

Harris, L. (2003). Trading and exchange. Oxford University Press.
Jazwinski, A. (1970). Stochastic Processes and Filtering Theory. Academic Press, New York.

Jegadeesh, N. and Titman, S. (1993). Returns to buying winners and selling losers: Implications for

stock market efficiency. Journal of Finance, 48, 65-91.
Kyle, A. S. (1985). Continous auctions and insider trading. Econometrica, 53, 1315-1335.

Makarov, I. and Rytchkov, O. (2007). Forecasting the forecasts of others: implication for asset

pricing. Working Paper.

o1



