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Figure 11: Policy Functions. Solid: benchmark. Dashed: p = 0.945

Net investment increases. The reason is that, for higher #;, more resources are
available for distribution to the entrepreneur in the current period, conditional on low
shock realization. For given intertemporal distribution of payoffs to the entrepreneur,
this allows to narrow the gap between current conditional cash flows accruing to the
entrepreneur. In turn this means that, for all continuation values w’, the marginal
gain from investment will be higher.

The decrease in effort is the net result of two opposing forces. On the one end,
as just argued, a higher 6; results in a lower marginal cost of eliciting effort. On the
other hand, the marginal benefit of effort also drops, as the gap 8, — 0; closes. The

latter turns out to dominate.

5 On Capital and the Utility Cost of Effort

So far we have assumed that the marginal impact of effort on expected revenues is
proportional to e f(k), an expression which is clearly increasing in the size of the firm.
However, we have posited that the marginal utility cost of exerting effort is invariant
with respect to firm size. If we think of one unit of effort as the accomplishment of
one task, it is easy to think of situations in which the latter assumption looks sensible.

Think, for example, at the hiring of a new factory floor technician. The effort required
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Figure 12: Policy Functions. Solid: benchmark. Dashed: 0, = 1.45, 6; = 0.45.

should be independent of the number of technicians already employed. However, there
are also instances in which the same assumption is not as appealing. This is the case,
for example, when the decision involves the purchase of a new software for budget
control. The idea is that the larger the firm, the wider the set of software systems with
which a new one has to dialogue. Therefore the associated cost should be higher.'?

In this section, we allow for a more general specification of the utility cost of effort.
The entrepreneur’s preferences are now given by u(c) — ak?. The marginal cost of
exerting effort will be increasing or decreasing with size, depending on the sign of the
parameter .

Recall that in the benchmark scenario, everything else equal, recommended effort
is increasing in the level of capital. This is the case, because capital only impacts
(positively) the marginal revenue effect of increasing the utility spread s. Introducing
the interaction of capital and effort in the entrepreneur’s utility function has the
potential of enriching the range of the model’s empirical implications. When ¢ > 0,
the marginal utility cost of effort is increasing in capital. In turn, that will make
effort less attractive for the entrepreneur. The opposite will happen for ¢ < 0. This

intuition is confirmed by the expression for optimal effort. Given the utility spread s

198ee Baker and Mall (2004) for an insightful digression on this issue.
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and the level of capital k, the entrepreneur will choose a*(k,w) = log(s) — ¢log(k).

The first—order condition for s now reads

[0 — 0]k + Blv(wn) — v(w))] = [e(un) — c(u)] + (s — k%) [ (un) — ¢ (w)],  (21)

with
o = 5 o+ K9(1 = Tog (k) + K logfs) — us].
w = % [w+ k%(1 —log(k?)) + k¥ log(s) — s — wy] .

The comparative statics of s with respect to k is now more involved and nothing
ensures that utility spread and effort are increasing in capital. In fact, we will show
an example in which both are lower, the smaller the capital stock.

Letting the utility cost of effort depend on size impacts all features of the constrained—
efficient contract. By the envelope condition, we now have that
W = Kl - g) O, + %91] ak® 4+ (1-6)— [(1 — %) d (up) + %c’(ul) wa kP
Compare this expression with (20), its counterpart in the benchmark scenario. Recall
that @ > 0 implies s > k¥. Increasing capital has still a positive effect on revenues,
given by the first two addenda. The last addendum reflects the effect on the costs
of delivering compensation. Its sign will be that of the parameter . When ¢ < 0,
i.e. when the marginal utility cost of effort is decreasing in size, the marginal impact
on costs will be negative. It follows that we will have W > 0 as in Section 3.
However, when ¢ > 0, increasing capital will adversely affect that cost. In principle,
there may exist levels of ¢ large enough that the marginal gain of adding capital is
indeed negative.

Figure 13 illustrates how the system’s dynamics changes when we consider strictly
positive values for . It shows averages for a large number of 80—period long simula-
tions, in the cases of p = 0, 0.1, and 0.3, respectively. As expected, a larger ¢ means
slower capital accumulation and lower payoffs for the investor. With the exception of

the first few periods, the entrepreneur’s payoff and its effort exertion are also lower.!!

6 Auto—Correlated Shocks

The model we have analyzed so far assumes that a successful performance of the en-

trepreneur only affects the probability distribution of the shock 6 in the same period.

HFor ¢ = 0.3, effort is actually increasing in ¢. This is the only novel qualitative feature resulting
from ¢ > 0. The reason is that for £ < 1, the marginal utility cost of increasing effort is decreasing

in .
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Figure 13: Average Dynamics. Dashed: ¢ = 0.1. Dash-Dot: ¢ = 0.3

Although it is shared by most of the literature on dynamic hidden action models,'?
one may find this assumption to be particularly removed from reality. In this sec-
tion we address this concern by assuming that a successful outcome also alters the
probability distribution in the future. We posit that next period’s distribution con-
ditional on success in the current period, G(6'|d’,6}), stochastically dominates the
same distribution conditional on failure, i.e. G(¢'|d/,0;), for all a’. In the numerical
implementation, we assume that prob(6’ = 0|0 = 0;) = 1 — e~ %%, with 1, > ;.13
Figure 14 illustrates value and policy functions along the w dimension, for given
capital stock. Solid lines refer to v, = 1.4, while dashed line refer to v; = 0.8. All
the other parameters are as described in Table 1. As expected, effort, investment,
and outside equity are lower conditional on @ = ;. Perhaps more interestingly,
cash—flows accruing to he entrepreneur both in the current and future periods are
higher, conditional on ¢» = ;. That is, ¢;(k,w, ;) > ¢;(k,w, ) and w;(k,w,v;) >
wi(k,w,y) for all w and for i = h,l. The result that ¢;(k,w, ;) > ¢ (k,w, ) is a

direct consequence of two facts: (i) the limited liability constraint binds in the low

2For example, see Spear and Srivastava (1987) and Wang (1997).

3Notice that our modeling choice is different from that of Fernandes and Phelan (2000). In their
case, next period’s distribution depends on current effort (which is private information), rather than
on current realization (public information).
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state of nature and (ii) investment is lower conditional on ¥ = 1)y.

Contingent variations in promised utility are lower when 1 = 1, because of the
negative complementarity between the two state variables, which we have described
in Section 3. Since the marginal gain of raising w is decreasing in k£ and the choice of

k' is higher when 1) = 1)}, the optimal choices of w;, and w; will have to be lower.
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Figure 14: Policy Functions. Case with State-Dependent Shock Distribution

Figure 15 illustrates the effects of persistence on the dynamics of all relevant vari-
ables. Similarly to the cases considered above, the value of outside equity converges
to zero and the entrepreneur ends up controlling all cash—flow rights. However, the
ergodic set for the state variables is now a non—degenerate subset of 2’s upper con-
tour. As the investor’s payoff settles down to its long—run value, the other variables
are time—varying. Since a good shock today implies a more favorable probability
distribution tomorrow, promised utility, investment, and recommended effort are all

higher following a good shock.

7 Conclusion

In this paper we have characterized the firm dynamics implied by constrained—efficient
contracts between a risk—neutral investor and a risk—averse entrepreneur under the

assumption that the latter’s effort is not publicly observable.
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Figure 15: Sample Path. Case with State-Dependent Shock Distribution

A robust feature of the model is the sub—modularity of the value function. That
is, the marginal gain from investing declines with the level of promised utility. This
happens because the cost of incentive provision is increasing in w. In turn, this means
that the higher w, the lower constrained—efficient effort and the probability of success,
and therefore the lower the return to capital accumulation.

Consistent with a widely cited result by Rogerson (1985b), when the entrepreneur’s
relative risk aversion coefficient is less than 1 and the two agents are equally impa-
tient, on average w and the value of inside equity grow over time. Because its marginal
product of capital is relatively high, a small firm will see its capital grow over time.
However, because of the sub—modularity property, the rise in the value of inside eq-
uity will imply a drop in the return to investment, which eventually will lead to a
decline in the capital stock. In this sense, our theory provides a rationale for firm’s
decline. This feature distinguishes our model from others in which repeated moral
hazard shapes firm dynamics. In those, firm size never overshoots its long—run level.

Interestingly, the constrained—efficient contract prescribes that in the long run the
entrepreneur becomes the only claimant to the firm’s cash flows.

A key mechanism in our theory is that providing incentives to exert effort becomes
costlier as the manager increases her stake in the firm. We believe that it would be

interesting to extend our framework by allowing for the possibility of termination.
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That is, by empowering the investor to liquidate the entrepreneur and hire someone
else to run operations. The insights provided by Spear and Wang (2005) may prove

useful in carrying out this task.
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A Proofs and Lemmas

The results that follow are shown under the assumption that the entrepreneur’s pref-
erences are represented by the utility function u(cy, m(a¢)i(kt)), which is assumed
to be bounded, strictly increasing and strictly concave in ¢;, and strictly decreas-
ing in m(a¢)l(k;). We assume that m(a;) is increasing and convex in a; and that
[: Ry — Ry, We also assume that u(c,, m(aq)l(k:)) is additively separable in the

arguments ¢; and m(a;)l(ky).
Proposition 1 ®(k, w) is compact, V(k,w) € Q.

Proof. Fix the pair (k,w). We already know that ®(k,w) is bounded. It is left to
prove that it is also closed. Let {V,,} C ®(k,w), where V;, — Vo when n — oco. We
need to show that V, € ®(k,w). In words, we need to demonstrate that there exists
a contract o, that satisfies (1), (2), (3), w(0so|h®) = w, and v(0so|h®) = Vio. Now we
will construct such an optimal contract o,. By the definition of ®(k,w), there exists
a sequence of contracts {o,,} = {a'(h'™1),c}(h')} and capital {k}";(h'"1)}, where

the constraints (1), (2), and (3), w(0,|h°) = w are satisfied for every n. Therefore
Voo = Jim S0 [1607(0h) = e (4) = K (1) + (1= O)blg(Bla (0~ )
=1

For t = 1, notice that {a}(h%),c}(h!)} and {kZ(R")} are finite collections of bounded
sequences. Therefore, there exist collections of subsequences {a;?(h°),c;?(h!)} and
{k5?(h°)} such that

lim ay?(h%) = a°(h°), lim c}?(h') = ¢°(h'), and lim ky?(h°) = k5°(h0).

ng—00 ng—00 ng—00

We now consider t = 2. Notice that {a%(h'),c5(h?)} and {k}(h')} are finite col-
lections of bounded sequences, and we can define {a$°(h!),c3°(h?)} and {k$°(R'}
similarly as we did for t = 1. If we iterate this procedure for ¢t = 3,4, ..., and let
Ooo = {a®(R'™1), f°(hY)} along with k = {k{%;(h'™!)}, then it is easy to verify that

the constructed contract o4 is what we desired for. m

Proposition 2 v*(k,w) = T'(v*)(k,w).

Proof. Fix w, the lifetime discounted utility ensured by the optimal contract

to the agent, and k, the optimal capital level of the firm. First, we show that
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T(v*)(k,w) < v*(k,w). This inequality is true if there exists a feasible and incen-
tive compatible contract ¢ such that w(o|h?) = w and v(c|h®) = T'(v*)(k,w). The
desired contract o can be constructed in the following way. Let a(k,w), c(6,k,w),
K (k,w), and w'(0, k,w) denote the solution of the maximization problem associated
with the definition of T'(v*)(k,w). Now, let a1 (h°) = a(k,w), c1(h') = ¢(01,k,w), and
ko(hY) = K'(k,w), Vh' along with k; = kg. For the realization of § in ¢ = 1, denoted 6
for the purpose of this proof, there exists a feasible and incentive compatible contract
op, that ensures a level of expected discounted utility w’(61, k,w) to the agent, and
v* (K (k,w),w (01, k,w)) to the principal. Thus, we can say that o|h! = og,, Vh!. Tt is
obvious that the constructed contract o is what is desired.

We now need to show that v*(k,w) < T'(v*)(k,w). Let 6* be an optimal contract
that ensures a level of expected discounted utility of w to the agent, given k. In

consequence, we can say that
v (k,w) = v(o*|hY),
or
v (k,w) = /@ {01£ (k1) = €1(01) = B5(h°) + (1 = )y + Bv* (k3(h°), o [h1) } g(Olat (h))do),

or, finally,
v*(k,w) < TW")(k,w),

where the last inequality is obtained by letting a(k,w) = a*(h°), c¢(0,k,w) = ¢} (61),
W'(0,k,w) = w™|hY) along with k' (k,w) = k3(h%) and k; = ko. This solution satisfies
the constraints (4), (5), (6), (7), and (8). =

A.1 The APS Algorithm

In this Appendix, we show how results from Abreu, Pierce, and Stacchetti (1990) can
be adapted to our environment in order to define an iterative algorithm that allows
for the numerical approximation of the set 2.

For any arbitrary ¥ € R2, define the operator B as
B(2) = {(k,w) | 3{a, k', ¢c(0),0'(0) } s.t. (4), (5),(6), (7), and (', ww'(9)) € X, V0}

Notice that the operator B is monotone, i.e. X1 C 3o implies that B(X1) C B(X9).
Following Abreu, Pierce, and Stacchetti (1990), we say that X is self-generating if
¥ C B(%).
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Proposition 3 (a) Q is self-generating. (b) If ¥ is self-generating, then B(X) C Q.

Proof. To prove (a), let (k,w) € Q. There exists a contract o = {a;(h'™1), ¢;(h!)}
and a sequence {k;,1(h'~1)} which satisfy the constraints (1), (2), (3), and w(o|h®) =
w. We now say that

a(k,w) =ai(h); K (k,w)=ko(h®); c(0,k,w) = c1({0}), VO; ' (0,k,w) = wa(c|{6}), V.

It is obvious that {a(k,w),c(8,k,w), ¥ (k,w),w'(0, k,w)}, defined above, satisfies
the constraints (4), (5), (6), (7), and (8). Therefore, (k,w) € B(£2), which demon-
strates that (a).

To prove (b), let ¥ be self-generating, and let (k,w)z € B(X). We have to
construct a contract o = {a;(h!™!),c¢;(h!)} and a sequence kyy1(hi™!) = kpo that
satisfy the constraints (1), (2), (3), and w(o|h®) = wjo. We construct such a contract
recursively. First, there exist {a(kjo,wpo), (6, kpo,wpo), k' (kpo,w_h®),w' (0, kyo,wpo)}
that satisfies (5), (7), (8), and

/@ {u(c(8, kyo,who), m(alkpo, wpo))l(k)) + Bw' (8, kyo,who) } g(0la(kye, wwye))dd = who,
0 < (6, ko, wpo) < OF(K) — kpo + (1 — )k

For t = 1, let a1 (h®) = a(kpo,wpo) and cl(hl) = c(01, kpo,wpo), VhL. Also, let
kho = kp1 = K (kpo,wpo) and wy1 = w'(6, kpo, wpo), Vh!. Notice that (kji,wy1) € ¥ €
B(Y) implies the existence of {a(kp1,wp1),c(0, kpi,wp1), k (kp1, wpi), ' (0, kp,wpi)}
that satisfies (5), (7), (8), and

/@ {U(C(H, Epi,wpt), m(a(kpr, wp))l(k)) + ﬁw,w, khlawhl)} g(0)a(kp1,wp1))do = w1,
0 < c(@,kh1,wh1) < Hf(k) - khl + (1 — 5)]€

We can iterate for ¢ = 2,3,4,... to construct the complete profile 0. We can then

observe that, by construction, for any arbitrary ¢t > 0 and h?,
() = = [ Bo(lh™) = wpinlg Blahne,ne))dbr
Since 0 < # < 1 and the utilities are bounded, the above equation implies that
w(olh') =wpe ¥t >0 and VA

Hence, the contract that we have constructed is what is desired. m
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Now define a closed and bounded set Qg such that Q C €. Recall that k € [k, k] €
§R+. Let
Qo = {(k,w) | k € [k, k] and w € [w, 0 (k)]},

where w is set to an arbitrarily small positive number. We do not need to assume that
u(+) is positive—valued, since a positive monotone transformation can achieve this if
needed. Also, let W(k) = %gﬁ)l(k)), where @ = min{A} and ¢ = 0f(k), § = max{©}.

Proposition 4 shows that (i) the set 2 is a fixed point of the operator B and that
(ii) the sequence constructed by iterating on B starting with {2 converges to the set

Q.

Proposition 4 (a) Q@ = B(Q). (b) Let Xo = Qp, and let X1 = B(X,), for
n=20,1,2,... Then, lim X, = Q.

n—oo

Proof. Part (a) is obvious. To show part (b), we will first show that the sequence
{X,} is convergent. Obviously, B(Xy) C Xy. Next, we operate B on both sides
of this expression and obtain X,; = B(X,) C X,, Vn, because B is monotone
increasing. Hence, {X,} is a bounded and monotone decreasing set sequence with
Xoo = 7}1—>I{>10X = norjoX"' Now, we show that Q C X.,. Given that Q C X, the
monotonicity property of B ensures that B(2) C B(Xy). However, it must be true
that Q = B(Q), by part (a), and B(Xy) = X1, by construction. Then, Q C Xj.
By iteration we obtain 2 C X,,, Vn > 0, and consequently, 2 C X,,. Now, we
demonstrate that X, C Q. Given the properties of the sequence {X,,}, we have that

B(Xw) = Xoo. Hence, X, is self-generating, and Xoo = B(Xs) C Q. =

B Algorithm

In this section we provide a brief description of the algorithm that was used to compute
a numerical approximation to the value function v(k,w). Given that the equilibrium
value set () is not square, it is not efficient to approximate the value function by
means of bi-dimensional splines. For this reason, we will restrict the choice of capital
to a finite number of levels and approximate the value function on the w dimension
by means of cubic splines.

We start by defining a fine grid for the capital stock. Denote it as K = {k‘j}yi 1
and let the related set of indexes be J = {j}?i 1- The upper bound of K must be
chosen in such a way that the corresponding net investment will be negative for all w.

For this to be the case, it is sufficient to set it equal to the efficient capital stock when
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1
§ = 0, with probability 1 in all periods. That is, we let k,, = (‘J‘Tgh> '"*_ The next

task consists in approximating the equilibrium value set of the transformed problem.

B.1 Approximation of the Equilibrium Value Set

From the analysis conducted in Section 2, it follows that for every j € J, the set
of feasible and incentive compatible values will be given by an interval [w,w;] € ;.
This means that our task reduces to approximate the mapping {2 :  — R, which is
given by the sequence {w;} jeg The mapping {2 can be shown to be increasing and
strictly concave.

Following Abreu, Pierce, and Stacchetti (1990), we start by defining an initial
guess (% = {@o;} jeg We impose that () is weakly increasing, weakly concave,
and such that wy; > w; for all j. These requirements are satisfied by letting wg; =

OnkS —Okn, .
u(h’l”“%ﬁk). Then, for every j,q € J such that 0,k +k;(1—09)—k, > 0, we compute

bjg= max (1—e %) [up+ Pwp] + e *[u + Bw] —a (22)

ay{“iywi}i:hyz

st 0 <y <u(0ik + k(1 —6) —ky),

£§Wi<@nq

and
Oyl = mjax{qu} . (23)
The operator defined by (22)—(23) generates a sequence {{2,} that converges to (2.
Our approximation will be £2,,, such that |[£2,, — 2n_1||so < 10.078.
Notice that, conditional on effort being zero, the above optimization problem

simplifies to

max u; + Buwy
up,wi

st. 0 <y <u(@ik® + k(1 —9) — kj),
w S wp < Wy
Obviously the solution calls for u; = u(6,k$ + k;(1 — 6) — k;) and w; = Wng. Alterna-
tively, when effort is strictly positive, a = log(s), where s = (up, + fwp — u; — Pwy).
The optimization problem then becomes
max up, + fwp, — 1 — log(s)

S,Uh ,Wh

st. 0<u; < u(@zk‘;‘ + k’j(l — 5) — k’q),

w < w; éc_unq-
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In this case the solution calls for u; = u(0;k§ + k;(1 — 0) — kq) and w; = Wng.

B.2 Approximation of the Value Function

For every j € J, we define a coarse grid Z; = {w;.}2, over the interval [w,w;].
We also define an initial guess for the value function: vg; : Z; — 3. For all other
w € |w,w;], the guess is approximated by a cubic spline which we denote as vg;j(w).
We impose that vgp;(w) is decreasing and concave in w for all j € J and that the
function is increasing and concave in capital. Then, for all z and every j,q € J such

that 6,k + k;(1 — &) — kg > 0, we compute

djzg = max (1 —e ) [0k — c(up) + Bong(wn)] + e~ [0k — c(u) + Bong(w))]

a*7{ui7wi7}i:hyl

+kj(1—=9) — kg, (24)

st (1—e ) [up + Bwn] + e fug + Bwi] — a* = wjz,
a" =argmax (1 — e “)[up + Swp] + e *[w + Bwi] — a,
0 < i < u(OikS + k;(1— 8) — ky) ¥i=h,l,
a* >0,

w<w; <wy YVi=h,l,

and
Unt1,jz = max {djzq}- (25)
The operator defined by (24)-(25) generates a sequence V, = {vy;};c ;. Our
approximation of the value function on the grid will be V,,, such that ||V, — V1|0 <

10.078. Notice that when recommended effort is positive, the above optimization

problem simplifies to

max (1 _ %) 0k — c(up) + Bong(wn)] + %[Hlk" — e(ur) + Bong ()]

Sv{ui}izh,l

+kj(1—0)— kg,

s.t. wp = [wjz + 1+ 1og(s) —upl/B,
wy = [wjz + 1 +1log(s) — s —w]/B,
0 <w <u(0:ikf + kj(1—9) —ky) Vi=h,l,
w<w <w, Yi=h,l
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