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Abstract

This paper focuses on the applicability of the semi parametric Local
Whittle (LW) estimator of the long memory parameter in a univariate time
series, when it is desired to estimate short run dynamics and the Impulse Re-
sponse Weights (IRW's) of the time series model. The Local Whittle Two
Step Estimator (LWTSE) of the long memory parameter and the subse-
quent estimates of short run parameters from fractionally filtered series are
analyzed theoretically and by simulation. The LWTSE is shown to gen-
erally have quite poor properties in the presence of moderately persistent
autocorrelation in the short run component. These difficulties are also evi-
dent in the properties of the estimated IRW's. The alternative approach of
using a time domain M LFE to jointly estimate the parameters of the model
and subsequently the I RWs is shown to be generally superior to using the
LWTSE. An alternative purely non parametric approach is to use a high
order linear autoregression (AR) approximation. This procedure is shown to
provide consistent estimates of the infinite autoregressive approximation. A
very attractive feature of the AR method is that it is valid for non stationary
regions of the parameter space. In general, the high order AR method ap-
pears to provide relatively good estimates of IRW both for stationary and
nonstationary processes and is nonparametric for both the long and short
memory parts of the process.
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1 Introduction

Research on long memory and fractionally integrated processes has continued at
an accelerating rate since the initial publication of the work of Granger and Joyeux
(1980), Granger (1980) and Hosking (1981), which parameterized the processes of
Hurst (1951) on time series with hyperbolically decaying autocorrelations. Some
of the work on long memory models has been found to be extremely relevant for
the theoretical modeling of volatility processes in financial market returns and for
a variety of other asset pricing applications. However, and perhaps surprisingly,
significantly more research effort appears to have been expended on the issue of
semi parametric estimation (SPFE) of the single long memory parameter in the
conditional mean of a univariate time series. In fact, casual reading of recent lit-
erature would suggest that this is considered to be the most important problem
in the long memory literature. The first SPE, known as the GPH estimator, was
proposed by Geweke and Porter Hudak (1983), while the most widely used SPE
now appears to be the Local Whittle estimator, which has been intensively inves-
tigated, e.g. see Robinson (1995) and Dalla, Giraitis, and Hidalgo (2005). There
are also a plethora of new SPFESs of the long memory parameter, e.g. see Phillips
(2007) and Phillips and Shimotsu (2006), which offer extensions and improvements
of the SPFEs in terms of the range of the long memory parameter being covered,
and in terms of bias reduction and choice of optimal bandwidth; e.g. Henry and
Robinson (1996) and Henry (2001).

The point of departure of this paper is to question the paradigm of focusing
virtually exclusive attention on the estimation of just the long memory parameter.
The arguments presented here hinge on the fact that the single long memory
parameter is merely one aspect of a model of a univariate time series and that
the investigator is generally interested in wider issues. In particular, virtually no
attention appears to have been given in the literature concerning how the SPFE
of the long memory parameter can be used in subsequent econometric work with
the time series. In most practical situations the investigator will be interested
in (i) building a time series model involving both the short and long memory
components of the series, (ii) estimating Impulse Response Weights (I RW's) for a
variety of lags, (iii) forming predictions over short and long horizons and (iv) using
information from the univariate time series analysis for the construction of some

multivariate econometric model.



The results presented in this paper indicate that SPE will generate very poor
quality estimates of the long memory parameter when the short memory compo-
nent has moderately persistent autocorrelation. The subsequent use of the SPFE
of the long memory parameter in this situation to generate second stage estimates
of the short memory component and parameters, and then subsequently of the
IRWs also turns out to have poor properties compared with a benchmark alter-
native method of M LFE. The claim that the SPE approach may be preferred
on the grounds that it does not require specification of the short run dynamics
does not appear to be correct on the basis of the simulation results reported in
this study. Nor does there seem to be any evidence that the M LE of ARFIMA
model parameters may be problematic due to potential high correlation between
the estimates of the long memory and short memory parameters.

A further method considered in this paper which is completely nonparametric,
as opposed to the SPFE| is to approximate the long memory process by a truncated
linear autoregression. The high order autoregressive (AR) approximation is shown
to have very desirable theoretical properties and is shown to be valid over non
stationary regions of the long memory parameter space.

The paper is organized as follows. Section 2 contains an outline of the basic
model with long memory and short run dynamics. The arguments are presented
in terms of the basic vanilla ARFIM A model, although the arguments are also
appropriate for situations where the I(0) component may be a nonlinear formula-
tion as suggested by Baillie and Kapetanios (2007). Sections 3 and 4 then provide
some theoretical and simulation results on the properties of the parameter esti-
mates from simple ARFIM A models using alternative methods of inference. The
first method is to estimate the long memory parameter from a SPE Local Whittle
(LW) estimator, which is then used to fractionally filter the series before a second
step estimation of the short run parameters. This method is referred to as the
Local Whittle Two Step Estimator (LWTSE). The role of choice of bandwidth is
also highlighted when assessing the properties of the LWTSE methodology.

The second method is the simultaneous estimation of both the long memory
and short memory parameters by M LE. The next section focus on the compu-
tation of the Impulse Response Weights (I RW's) when they are derived from the
different estimation procedures of LWTSFE, M LE and alternatively, through the
use of a high order linear AR approximation. The use of an AR approximation

is one important novelty of the current paper since such an approach, although
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discussed by Poskitt (2005), has never been advocated in the context of IRW
analysis. The MLE is found to generally compare favorably with the LW ap-
proach. The high order AR approximation is found to perform surprisingly well;
even when compared to M LE. This of course is extremely encouraging for the
AR approximation since unlike M LE which is a parametric estimation method,
the AR is nonparametric. Section 6 deals with some of the theoretical properties
of the high order AR approximation approach and also discusses the applicability
of the method in nonstationary environments. This is another useful innovation
of the paper, as we find that high order AR approximations can deal seamlessly
with both stationary and nonstationary long memory processes, for the purposes
of IRW analysis.

The results generally cast considerable doubt on the purpose of using a SPE
of d and the desirability of the current research focus in the literature. This paper
argues that an investigator should give careful thought concerning the particular
metrics that are important in a series, before automatically turning to using an
SPE of the long memory parameter. In particular, the M LE, and surprisingly
the high order AR approach have many desirable features. The paper ends with a

short concluding section.

2 Models and Methods

A fractionally integrated, or long memory process, generates hyperbolic rates of
decay in the autocorrelation function and impulse response weights of its realiza-
tion. The simplest discrete time parameterization is the ARFIM A model, which
combines both long memory and short run 7(0) dynamics, and represent a flexible
extension of the ARIM A model. In particular, a univariate time series process,

Yy, which is said to be fractionally integrated of order d, or I(d)
(1—L)Yy =uy, t=1,...,T (1)

where L is the lag operator and w; is a short memory, 1(0) process. Then y;
is said to be a fractionally integrated process of order d, or I(d). See Granger
and Joyeux (1980), Granger (1980) and Hosking (1981) for further definitions and
derivations of these processes. Note that the [(0) process is defined as having
partial sums that converge weakly to Brownian motion, while d represents the
degree of "long memory”, or persistence in the series. For —0.5 < d < 0.5 the

process is stationary and invertible; while for 0.5 < d < 1, the process does not
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have a finite variance, but still has a finite cumulative impulse response function.
The Wold decomposition, or infinite order moving average representation of this

process is given by

Y = Z Ureig (2)
i=0

where E(e;) = 0, E(€?) = 0%, E(ees) = 0, s # t. For large lags k, these coef-
ficients decay at the very slow hyperbolic rates of 1, ~ c;k%! and similarly the
infinite autoregressive representation coefficients decay at the rate of cok~¢ 'and
autocorrelation coefficients at the rate of c3k?¢~1, where ¢;, co and ¢ are constants.
The hyperbolic decay that is generated by such a process is known as the ‘Hurst
effect’, after Hurst (1951), who first discovered the phenomenon in hydrological
time series data.

If the short memory component is represented as a stationary and invertible
ARM A(p, q) process, then equation (1) becomes the well known ARFIM A(p,d, q)

model,

S(L)(L — L)'y, = 0(L)e, (3)

where ¢(L) and 6(L) are polynomials in the lag operator of orders p and ¢ respec-
tively, with all their roots lying outside the unit circle.

To some extent the model is deceptively simple and appears a relatively minor
extension of the class of ARIM A models analyzed by Box and Jenkins (1970) who
developed subjective model selection procedures based on sample autocorrelations
and sample partial autocorrelations of the regular, differenced and seasonally dif-
ferenced, or transformed series. Although enormous strides have been made in the
last twenty years concerning the appropriate testing for unit root processes and
also the application of information criteria for model selection purposes, the basic
strategy of Box and Jenkins (1970) remains valid today. Of particular significance
is their emphasis on diagnostic testing or checking, and successive stages of model
improvement® While the imposition of a unit root in an AR operator leads to a de-

terministic transformation of a time series, the parallel analogous plug in method of

!The methodological approach of Box and Jenkins (1970) is essentially based on the inductive
approach of Karl Popper. Linear univariate ARIM A models are typically specified from the
concept of parsimony of parameters and specification testing is from simple models to possibly
more complicated models, depending on the outcome of diagnostic testing. In contrast, linear
V ARs seem easiest to specify from the general to specific criteria, while Clive Granger has
indicated that most nonlinear time series models appear to require starting from specific models
and to test outwards.



an SPFE of the d parameter, immediately gives rise to a stochastic transformation
of the series and far more complicated inferential problems for specification and
estimation of short run dynamics, i.e. ARM A structure. This leaves an open and
essentially unanswered, the question as to how SPFE of a long memory parameter

can relate to simply constructing a model for a univariate time series process.

3 Parameter Estimation Issues

This section considers the use of the Local Whittle SPFE to estimate the parameters
of a univariate time series process. The procedure uses a two step estimation where
an initial estimator of the long memory parameter d is obtained by a SPFE such
as the LW and the short memory process u; in equation (1) is estimated from a
fractionally filtering the original series ;. The parameters of the short memory
process u; are then estimated from minimization of the conditional sum of squares
function.

In general, the use of SPFEs can be motivated by the desire to avoid difficulties
over the specification of the short run ARM A parameters. There has been a long
history of SPFESs in this literature. Originally, Hurst (1951) developed the rescaled
range statistic, denoted as R/S to detect long memory; which was adapted by Lo
(1991) to produce the modified rescaled range test statistic. However, a very widely
used early estimator has been the GPH log periodogram estimator of Geweke and
Porter Hudak (1983). The performance of GPH is well known to be poor in the
presence of substantial short run dynamics, e.g. see Agiakloglou, Newbold and
Wohar (1992). Hence the generally preferred SPE is now the LW estimator; see
Robinson (1995), Dalla, Giraitis, and Hidalgo (2005) and Phillips and Shimotsu
(2006), and is therefore the method used in this study. The LW SPE for d,

denoted by dpw is obtained by minimizing the objective function

In [% > wf.df(wj)] _ %d 3 ne) ()

. 2
tw;t

with respect to d, where I(w,) is the periodogram given by I(w,) = ﬁ ‘ZJ.Tzl yie
The estimator depends on the choice of bandwidth, m and data dependent meth-
ods for bandwidth selection are discussed in Henry (2001). The LW estimator of

d is known to have the limiting distribution of

ml/? (CZLW - d0> — N{0,(1/4)} (5)
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where dy denotes the true value of d, and m represents the choice of bandwidth
in equation (4). It is important to note that m < T%° and is generally chosen in
the range of TV? < m < T*% and in the usual case of ignorance of the short run
dynamics, m is generally selected as m = T%°. However, when there is substantial
persistence in the short run dynamics, the value of m should potentially be reduced
so that more weight is placed on ordinates of the periodogram associated with the
low frequency components.

For the process in equation (1) the spectral density function (s.d.f.) of y; is de-
noted by f (w), and the s.d.f. of u; is f* (w). Hence f (w) = |1 — exp (iw)| > f* (w).
The s.d.f. of can be approximated as w — 0+, as f (w) = L(1/w)w 21 + cw” +
o(w”)} where L£(1/w) is a slowly varying function 0 < ¢ < oo, usually chosen as
one, 3 € (0,2] The issue of optimal bandwidth selection has been addressed by
Henry (2001), who shows that the optimal bandwidth in the sense of minimizing
MSE is given by mj,, and for the Local Whittle estimator is

4/5 —2/5
My = (%) R I (6)
where
()
"= |37 <0>]wzo )

and 7* has the interpretation of representing the degree of smoothness of the s.d.f.
f*(+) of the short memory component u, as the frequency approaches zero. Henry
(2001) considers an iterative form of estimation which iterates between successive
choices of dry and myy . However, this study uses the optimal bandwidth in
a different context and calculates the theoretical optimum bandwidth m7j, given
knowledge of the underlying theoretical data generating process. This ensures the
maximum advantage of the LWTSFE methodology when comparing it with the
alternatives of M LE and high order autoregressive approximation methods. The
choice of mjy, is described in more detail for particular short memory processes
in the context of the Monte Carlo experiments in section 4 of this paper.

The next step given the Local Whittle estimate dpw of the long memory pa-
rameter, is to consider the estimation of the short memory parameters. First,
suppose d is known; then the observed y; series can be fractionally filtered to

obtain

t—p
w=y — ¥ m(d)y (8)
=1



where (1 — L)%, =y, — > 1o, m(d)yi—1, and m(d) are the coefficients of the infinite

AR representation of y; in terms of u,, so that
m(d) =T — d)T(=d)"'T(1+ 1) (9)

In practice, d is unknown and has to be replaced by its estimate drw. Then, the
Feasible Fractionally Filtered (F'F'F) series based on observables is

t—p

=y — > wldiw )y (10)
=1

where ﬁl(chW) =Tl - CZLW)F(—aZLW)_lF(l + 1). For concreteness, this section of
the paper will focus on the estimation of the univariate ARFIM A(p, d, q) process.
Therefore, y; is assumed to be generated by the ARFIMA(p,d,q) process in
(3). The complete parameter vector is denoted by ¥ = (d, 3)’, where the (p + ¢q)
ARM A parameters are in the vector 8= (¢,,..¢p,0,, ..0,)".  Let By(dy) denote
the true parameter values, and let B(CZLW) be the LWTSE of 3 based on the
feasible fractionally filtered series @;. Hence the ARM A(p, q) parameters of the
original ARFIMA(p,d,q) process in equation (2) are estimated by minimizing
the conditional sum of squares, C'SSS, conditional on drw. The following result

provides consistency and a rate of convergence for the two step estimator of the

ARFIMA(p,d,q) model. The result is proven in the appendix.

Theorem 1 Let y; be given by the ARFIMA(p,d,q) process in (3), where ¢(L)
and (L) are polynomials in the lag operator of orders p and q respectively, with

all their roots lying outside the unit circle; and the disturbance €; is i.i.d.(0,0?),
with E(e}) < co. Then,

Bdrw) — Boldo) = Op(m™?)

The above result provides some necessary equipment for examining the proper-
ties of the use of the LWTSE.2 In order to provide a valid benchmark for compar-
ison of the LWTSFE, it is necessary to compare the methodology with the obvious
alternative of M LE. On assuming the innovations in the ARFIM A(p, d, q) process
in equation (3) to be ¢ NID(0,0?), then the Gaussian likelihood is numerically

2The investigation of the properties of two step estimators based on consistent first step
estimators is a long standing issue in econometrics and an early treatment of related issues can
be found in Amemiya (1973). The problem in the current paper is slightly different to other time
series econometrics applications, since an estimator with a slower rate of convergence is being
used in the first step.



maximized with respect to the complete vector of parameters 9. Under these con-
ditions, Fox and Taqqu (1986) have shown the asymptotic distribution of the M LE
to be

T2 (19 . 190> o N{0, A(9) 1), (11)

where ¥y denotes the true value of the vector of parameters, and where A ()
is the information matrix. The results of Fox and Taqqu (1986) are obtained by
considering the demeaned process, while Li and McLeod (1986) has shown that
T'/2 consistency and asymptotic normality are achieved when the unconditional
mean is zero or known. Dahlhaus (1989) and Moehring (1990) have shown that the
same asymptotic properties hold also when the unconditional mean is not known
and have to be estimated. In this case the M LE of the parameter estimates will
be T'/2 consistent. The inclusion of an intercept parameter, will result in a 7"/2~¢
consistent estimator. An especially important result has been achieved by Hosoya
(1997) who showed that

T2 (19 - 190) o N{0, A(09) " B(90)A ()11, (12)

where A(.) is the Hessian and B(.) is the outer product gradient, both of which are
evaluated at the true parameter values /9. This result is valid when the Gaussian-
ity assumption is relaxed and replaced with the assumption that the innovations
in (3) merely satisfy some mild mixing conditions. Given the Hosoya (1997) re-
sult, the implementation of quasi M LFE is then straightforward. Hosoya (1997)
provides results for more general long memory models than ARFIM A models
while allowing the relaxation of the Gaussianity assumption. More recently Baillie
and Kapetanios (2008) have extended this analysis to include the estimation of
long memory models with nonlinear autogressive structures and have found that
QM LE also works well in these circumstances. The computation of such models
is aided by the minimization of the conditional sum of squares (C'SSS). This esti-
mator has been shown by Robinson (2006) to be a consistent and asymptotically

normal and to be approximately equivalent to the Gaussian M LFE.

4 Simulation Results for Estimators

The small sample properties from using the LWTSFE of d and the short memory

parameters from the F'F'F' series are analyzed in the following simulation study.
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In order to provide a valid benchmark, corresponding results from MLE were
also computed. In the simulation experiments, realizations of ARFIMA(1,d,0)
processes were generated for the three different sample sizes of T' = 200, T' = 400
and T'= 1,000 and for 24 different simulation designs. These experiments were in
blocks of four different values of the AR coefficient ¢ = 0.50, ¢ = 0.90, ¢ = 0.95,
and ¢ = 0.99. For each set of the four different autoregressive parameter values,
there are six different values of the long memory parameter, namely d = 0.0,
d=0.10, d = 0.20, d = 0.30, d = 0.40 and d = 0.49.

The biases and variances of the M LE and the LWTSE of the long memory
parameter, d and the autoregressive parameter ¢, are compared across the different
designs and sample sizes. The M LE are denoted by OZMLE and QASMLE; while the
LWTSE consist of the LW estimate of the long memory parameter from the
original observed series and is denoted by drw and the autoregressive parameter
estimated in the second step from the F'F'F series and is denoted by (/BLWTSE.

Table 1 presents the results concerning the different methods for estimation of
the long memory parameter, d. The first three panels present the biases of the pa-
rameter estimates and the last three panels are concerned with their corresponding
variances. The first and fourth panels refer to the bias and variance respectively of
, drw when it is computed from the widely recommended and heavily used band-
width of m = T/? | since this is the usually recommended value in the absence of
any prior information. In fact, this is the low end of the generally recommended
range of T0% < m < T8 The second and fourth panels of the table 1 refer to the
bias and variance of the CiLW when it is computed from the optimal bandwidth
discussed earlier. It should be noted again that this analysis provides the most
favorable circumstances since the Monte Carlo work is performed from implement-
ing the known values of the short memory, autoregressive parameter, which would
not be known in practice when the bandwidth was chosen. Hence these results
can be legitimately interpreted as an upper bound on the performance of the LW
estimator, drw and that of the subsequent LWTSE of ¢, i.e. QELWTSE. For the
ARFIMA(1,d,0) process, it can be shown that 7* in equation (7) reduces to
T = ﬁ and the optimal bandwidth mj, can be determined from equation (7)
for each sample size T" and for each design in the parameter space. For example,
when 7' = 1,000, the optimal bandwidths are presented in Table 3 in the appen-
dix. Finally, the third and sixth panels of Table 1 present the bias and variance of
the M LE, of d denoted by JMLE when there is joint estimation of d and ¢.
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The layout and presentation of the Table 2 is analogous to that of Table 1,
except that it deals with the bias and variance properties of the estimated autore-
gressive parameter. The first and fourth panels correspond to the QASLWTSE when it
is estimated from the FFF series derived from d w when a bandwidth of m = T/2
has been used. The second and fifth panels are analogous and only differ in the
the fact that they are based on the optimal bandwidth. While the third and sixth
panels are relevant for the M LE of ¢ when it has been simultaneously estimated
with d.

With relatively little persistence in the autocorrelation of the short memory
component, i.e. ¢ = 0.5, all the estimation methods including the LWTSE per-
form very well. However, the most striking aspect of tables 1 and 2 are the very
poor performance of the LWTSE when there is a reasonable level of persistence in
the short memory process (i.e. for ¢ = 0.90 or more). In particular, on first focus-
ing on the LWTSE for the m = T'/? bandwidth, it is seen from the first and fourth
panels of tables 1 and 2 that there are very substantial upward biases in the esti-
mate d rw and a severe corresponding downward bias in the estimator ngS LWTSE. For
example, when the true data generating process is an ARFIMA(1,d,0) process
with d = 0.30 and ¢ = 0.90, the average estimated values from employing the
LWTSE are CZLW = 0.56 and QASLWTSE = 0.70. These compensating biases get
worse with increasing persistence, so that for example with a data generating
process of an ARFIMA(1,d,0), with d = 0.30 and ¢ = 0.95, the average esti-
mated values from the LWTSE are cZLW =0.79 and ngSLWTSE = 0.54. In general,
the magnitude of the bias and variability of the LWTSFE are very disappointing
and the methodology appears unable to discriminate between the short run 7(0)
autoregressive dynamics and long memory I(d) dynamics.?

Moving on to the optimal bandwidth, several features are apparent. First,
the previous corresponding trade off in terms of bias of the estimates of d and
¢ when m = T°% is no longer present. Second, although the properties of the
drw are considerably improved in terms of bias, there is a corresponding increase
in parameter estimation variability due to the considerably smaller value of m

and hence reduced rate of consistency through equation (5). Furthermore, this

3The disappointing small sample performance of Local Whittle has been documented in the
literature by Nielsen and Frederiksen (2004), but only in the context of estimating d. No work on
the small sample properties of estimation strategies for short memory dynamics is available to the
best of our knowledge. As argued in the introduction, adequate modelling of the short memory
dynamics is of paramount importance for most modelling purposes such as I RW analysis and
forecasting.
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increased variability is passed on to the F'F'F series u; second stage estimation
of the ¢ parameter is not generally improved. This is generally due to the drw
estimate being based on a very small number of ordinates, m which increases the
sampling variability of the F'F'F' series 1; and hence to the autoregressive parameter
estimate @LWTSE, which has a reduced bias compared to before, but much larger
variability.

The most relevant benchmark is the estimation of the model simultaneously
by M LE and these results are presented in the third and sixth panels of tables 1
and 2. In contrast, the biases of the M LFEs for both ¢ and d are quite small for
all values of (d, ¢) except for ¢ = 0.99 and d = 0.40, and ¢ = 0.99 and d = 0.49.
Clearly the sampling distribution of the M LE appears to be breaking down when
there is the simultaneous move to non stationarity of both the autoregressive and
long memory parameters. Otherwise, M LFE appears to perform extremely well;
and similar remarks are also valid for the variances of the M LE. These results
are indicative of considerable gains from using M LE compared with LWTSE
especially when the short memory process is strongly autocorrelated.

Several other simulation experiments were also conducted which are not fully
reported here in order to conserve space, but are available from the authors on
request. In particular, the most important aspect of the short memory component
was found to be the persistence it exhibited, while relatively low order moving
average processes were not a particular problem for the LWTSFE. The combination
of persistence and cycles due to the presence of complex conjugate roots in the
autoregressive operator was found to be particularly problematic for the LWT S E*
For the ARFIM A(2,d,0) process

(1= L) (1 = ¢1 L — o L?)ye = & (13)

it can be shown after some algebra that

I ) ”

(1 — o1 — ¢2)?
For example, the process (1 — L)4(1 — 0.0800L — 0.9025L?)y, = &, has an autore-

gressive component with complex roots which has a damping factor of |—¢2|1/ 2=

0.98, which generates very slow decay it its autocorrelation function and impulse
response weights with a sinusoidal pattern superimposed. The results for the

LWTSE are particularly poor compared with the M LE in table 4, where for

4We are very grateful to Peter Phillips for this insight.
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brevity are focused on the large sample size of T' = 5,000 and a bandwidth of
m = [T%5] = [(5,000)°%] = 71. The results for the MLE for the designs of
d = 0.0,0.10,0.20,0.30 and d = 0.40 generally indicate relatively small biases for
all the estimates of d, ¢; and ¢5. For the design with d = 0.49, the M LFE of
d has a very slight increase in bias, while there are compensating biases in the
estimates of ¢; and ¢, with the bias in the sum of ¢; and ¢5 being negligible.
Hence the total persistence, as measured by the damping factor, is quite well es-
timated by M LE. In contrast, the LW of d has substantial bias across all the
ARFIMA(2,d,0) designs, with the bias increasing as d increases. Clearly, even
in this very large sample size, the strong persistence in the AR(2) short memory
component causes significant problems for the LW of d and also for the LWTSFE
of the two autoregressive parameters. Similar results were also computed for the
optimal bandwidth which was m = 7 across all the range of values of d being ex-
amined. Although the bias of the estimate of d was considerably reduced, the very
small bandwidth created difficulties with the second step estimates of the short
memory parameters.

Finally, it should be noted that the above results are all predicated on the
assumption that the order of the short memory component, i.e. an AR(1), or
AR(2) process is known and that the only unknown quantities are the parameter
values. This assumption has been applied to both the LWTSE and the MLE
and in this sense treats both methods equally. In practice the order of say an
ARMA(p, q) process for u; would have to be determined before the parameter
estimation method is implemented. In order to increase the realism of the results
a limited simulation was conducted where the order p of an autoregressive process
was determined by information criteria for an ARFIM A(p, d,0) model when using
MLFE and also on the F'F'F series 1u; when using the LWTSE approach. While
this simulation slightly worsened both methods of estimation it did not lead to any

significant change in the relative performance of the M LE and LWT'SE methods.

5 Impulse Response Weight Analysis

As argued in the introduction, the previous literature on long memory processes
seems to have focused too much on the properties of one parameter estimate and
not sufficiently on the general interpretation and usefulness of the whole model.

Also, the previous section of this paper has presented evidence on the relatively
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poor performance of the LWTSE in terms of parameter estimation. However,
it seems equally important to assess the overall characteristics and features of
the model. A widely used and economically important concept are the implied
Impulse Response Weights (IRWs) from an estimated model. Indeed, in many
practical situations an investigator will wish to estimate a time series model such
as ARFIMA for the specific purpose of IRW analysis, or for making short to
medium term predictions.

The IRW analysis has been adopted in several applied econometric studies
which have used long memory models. In particular, the persistence of real GN P
growth and its relationship to money growth has been investigated by Diebold
and Rudebusch (1989), who use the frequency domain MLE of Fox and Taqqu
(1986), and also Sowell (1992b)’s time domain M LE. A multivariate analysis of
IRW s was provided by Jensen (2007) who used time domain M LFE to estimate
the parameters in a vector ARFIM A model which includes output and money
growth rates.

Many articles have used long memory models to analyze the rates of persistence
in real exchange rates and the duration of deviations from purchasing power parity;
in particular see Diebold, Husted, and Rush (1991), who use the frequency domain
MLE of Fox and Taqqu (1986). Other examples include the study by Baillie,
Chung and Tielsau (1996), who use a time domain M LE for a study of inflation
and the Friedman hypothesis. While Andersen, Bollerslev, Diebold and Labys
(2004) use a multivariate Local Whittle estimator for the Realized Volatility of
nominal exchange rates and a subsequent vector process to generate the implied
IRW's. Andersen, Bollerslev, Diebold and Labys (2004) then essentially apply the
FFF to Realized Volatility of currency returns and then estimate a VAR on the
filtered series. It is interesting to note that Diebold and Rudebusch (1989) discuss
the possibility of using a SPFE such as GPH, but decide not to on the grounds
that it is difficult to recover the correct standard errors of the estimated ARM A
parameters.’

In order to assess the relative importance of the estimation method for I RW
analysis, the data generating process was assumed to be the ARFIMA process
in equation (2). The implied IRW s are denoted by vy, for k = 1,,2,.... and are
generated from the representation (L) = 6(L)(1 — L)™¢(L)~" where ¢(L) =

5Similar problems have emerged on IRW of the conditional variances of long memory
GARCH models. However, this is a separate topic and is beyond the scope of the current

paper
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S oo g L* and the underlying ”true” model is the ARFIM A(p,d,q) process
in equation (3). The practical calculation of the TRW's requires replacing the
true theoretical parameters with their corresponding estimates. When using the
LWTSE, the long memory parameter d is replaced with drw and the ARMA
parameters are replaced by the minimized C'SS estimates from the filtered series
@;. In the case of the ARFIMA(1,d,0) model, this clearly amounts to using the
quantities JLW and QELWTSE. The efficacy of this approach was investigated with
the following simulation study which was based on the same designs as described
earlier in section 4 in the context of parameter estimation.

The ITRW s derived from the true model specification with known parameter
values were plotted as a solid line for the first forty lags in the figures 1 through
4. As noted earlier for large lag k, these Wold decomposition coefficients decay at
the approximate rate of 1, ~ c;k%! for large lags k. However, the presence of a
relatively persistent AR(1) component process can considerably delay and change
the appearance of the IRW's for short to moderate lag lengths. These figures
report I RW for the case where d takes the values 0.3,0.49 and the short memory;,
autoregressive parameter takes the values 0.5 and 0.95.

When the ARFIM A parameters are replaced by their corresponding LWTSE
the estimated I RW's can be calculated and are denoted in the figures by the long
dashes ”— 7. Again, in all these cases the bandwidth of m = T°° was used. The
optimal bandwidth results were comparable to those reported here. When the
ARFIM A parameters are replaced by their corresponding M LE the estimated
IRW s are denoted by the medium length dashes ”- -”. Figures 1 through 4 report
these different IRW's for lags k =1, 2, ....40.

For low levels of autocorrelation in the short run dynamics, i.e. with ¢; =
0.5, all methods perform well and as can be seen from Figures 1 and 3, there
is virtually no difference between them at the larger sample size of T' = 1, 000.
However, in the presence of fairly persistent short run dynamics autocorrelation,
substantial differences between the different methods begins to emerge. In general
the I RW's generated from the M LE performs far better than those derived from
the LWTSE. For many situations the differences in performance between the
two methods is quite marked with the general superiority of the benchmark M LFE
method. However, for the design ¢ = 0.95 and d = 0.49 both the M LFE and
the LWTSE perform very poorly in terms of closeness to the true I RW's. Hence

these results also indicate the potential problems arising from estimating I RW's
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based on the LWTSE. Many of the issues with regard to the quality of parameter

estimation are also apparent in the simulations of the I RW analysis.

6 An Autoregressive Approximation Method

Some suggestions in the literature have recommended fitting a high order AR(p)
process to the F'F'F series after having first used Local Whittle estimation. How-
ever, this naturally leads to the question as to why the Local Whittle estimate
is worth using at all, since the estimation of ARFIMA(P,d,0) models is most
easily accomplished by a one step M LFE and furthermore this procedure can be
seen from the above analysis to generally provide superior estimates of the model’s
parameters and also of the TRW's.

An even more straightforward approach would be to implicitly ignore the pres-
ence of long memory and to simply estimate a high order AR(P) model, which is
a truncation of the infinite order autoregressive expansion in equation (2). Such
a a model would then be used for forecasting and generation of /RW's. Since the
ARFIMA(p,d, q) model can be represented by an infinite autoregressive expansion

of the form
Yy = Zﬂjytfj + v (15)
j=1

a possible method would be to directly estimate by OLS the truncated autoregres-
sive, AR(P), expansion

P
Y = Zﬂjyt—j + 0 (16)
j=1

where the order P, is obtained by some information criterion. This approach
has recently been theoretically analyzed by Poskitt (2005). In particular, Poskitt
(2005) has shown some useful theoretical results. On denoting the least squares
estimates of 7;, obtained by fitting an AR(P) model to the data, by #(j)®);
and on further denoting the coefficients that solve the Yule-Walker equations
for an AR(P) model by 7(5)"), then theorem 5.1 of Poskitt (2005) states that
25:1 |#(5) ) — 7r(j)(P)}2 = 0,(1) for all P such that P — oo and P = o(T?) for
all @ > 0. For example, an acceptable sequence for P is (InT)® for some o > 1.
Further, by the extension of Baxter’s inequality proven in Theorem 4.1 of Inoue and
Kasahara (2006) it follows thautz:f:1 |7(5) ) — 7(j)| = o(1), as long as P — oc.
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Then, overall,Zf:1 |#(5) ) — 7r(j)|2 = 0,(1) which implies that the IRWs can
be consistently estimated by fitting an approximating autoregressive model to the
long memory time series realization. A major remaining issue concerns the choice
of P. Poskitt (2005) has shown, via his Theorem 5.3, that selecting P by infor-
mation criteria such as the AIC or BIC is asymptotically efficient in the sense of
Shibata (1980). In the Monte Carlo study in this paper the value of P is fixed at
(InT)2.

A further attraction of using an infinite AR(P) approximation for a long mem-
ory process is that the validity of the approach extends to non stationary processes.
Non-stationary long memory process are still amenable to impulse response analy-
sis, since when 0.5 < d < 1 the process does not have a finite variance, but still has
finite cumulative I RW's. Hence shocks to a long memory process with 0 < d <1
are transient unlike the random walk case when d = 1 where the shocks are per-
manent. An extension to non-stationary long memory processes is provided by the

following theorem which is proven in the appendix

Theorem 2 Consider the infinite autoregressive process y; in (15) where m; =
O(G~%Y) for large j, 0.5 < d < 1. w; is i.4.d. with finite second moments.
Assume that this AR process is invertible and can be equivalently represented as
Yy = Z]Oil Vv where ¢; = O(4971) for large j. It is further assumed that the
sample second moment of the regressors in (16), normalized by T—2* has asymp-
totically non-zero and bounded eigenvalues in probability. Further, P = o (T°) for
all ¢ > 0. Then,

P 1/2
(Z (7))~ 7T(J’)\2> = 0p(P).

Jj=1

The above is a consistency result in the sense that inconsistency of each 7;
would imply ||7 — 7|| = O,(P). A further important aspect of the above Theorem
is that for all elements in the set {1,2,..., P} but a set of cardinality P, such that
P./P — 0, then |7; — ;| = 0,(1). Furthermore, the above result fits neatly with
the result obtained by Poskitt (2005) whereby for d < 1/2

)7 =70 =0, (P ) (17)

P
j=1
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implying that for values of d close to 0.5, then |7 — 7|| = 0,(P), which is identical
to the above theorem . Interestingly, the value d = 1/2 is a worst case scenario
since by (22) it can be seen that the rate improves as d increases beyond 0.5. This
very interesting property of the high order AR approach makes the methodology
attractive to use in a non stationary environment. This motivates a comparison of
LW the AR approximation, and, as a benchmark, M LFE, for the estimation of
I RW:s in nonstationary settings. It should be noted that there are some existing re-
sults in the literature concerning the theoretical properties of LW and M LE when
applied to nonstationary long memory processes. In particular, Velasco (1999) and
Phillips and Shimotsu (2004) have shown that the LW estimator of d is consistent
when 0.5 < d < 1, and asymptotically normally distributed when d < 3/4, but
not otherwise. For parametric estimation, there is work by Tanaka (1999), Ling
and Li (2001) and Johansen and Nielsen (2008). The study by (2008) is espe-
cially relevant since it proves consistency of M LFE for a parametric autoregressive
nonstationary long memory model. The model is related but not equivalent to a
nonstationary ARFIM A model.

Given the above results, this study now considers Monte Carlo evidence for the
IRW s for non-stationary data generating processes, using the three estimation
methods previously described. The estimated I RW s are derived for the three dif-
ferent designs of (d = 0.6, ¢ = 0.95), (d = 0.8, ¢ = 0.5) and (d = 0.8, ¢ = 0.95) and
are graphically illustrated in Figures 5 through 7 respectively. The representation
of the TRW s derived from the different estimation methods is identical to that of
the stationary processes considered earlier and represented in Figures 1 through
4. Some interesting stylized facts emerge from analysis of the results for the large
sample size of T'=1,000. For the design (d = 0.8, ¢ = 0.5) in figure 6, the M LE
performs extremely well, with the high order AR approximation generally being
slightly superior to the LWTSE. However, for the designs of (d = 0.6, ¢ = 0.95)
and (d = 0.8, ¢ = 0.95) in figures 5 and 7 respectively, the high order AR ap-
proximation performs outstandingly well, with the M LE a poor third compared
with the LWTSE. Hence there seems some evidence that M LE works well for
non stationary long memory processes provided that there is only moderate degree
of persistence in the short run dynamics. However, when the phenomenon of a
non stationary long memory processes is combined with very persistent short run

component the high order AR approximation method is extraordinarily accurate
compared with M LE and the LWTSE.
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To summarize, the results from using the high order AR(p) model are unex-
pectedly good, since the method generally performs very well even when compared
with the M LEs being used to generate the I RWs. This exceptional result holds
for both stationary and nonstationary processes. Given the excellent performance
of this method, it raises important questions as to whether it is worth an investi-
gator being concerned with the presence of long memory if the investigator’s main

interest is to only to assess the impact of shocks or innovations on a series.

7 Conclusions

This paper has addressed the issue concerning the applicability of the SPE Lo-
cal Whittle (LW) estimator of the long memory parameter in a univariate time
series. In virtually all practical applications it is expected that an investigator
would typically want to estimate a complete model involving both short and long
memory features, and also to generate Impulse Response Weights (I RWs) and
predictions at a variety of horizons. Hence the paper analyzes the properties of
the Local Whittle Two Step Estimator (LWTSE) where subsequent estimates of
short run parameters are obtained from a fractionally filtered series. The LWTSE
is shown to generally have quite poor properties in the presence of moderately per-
sistent autocorrelation in the short run component. The selection of an ”optimal”
bandwidth is generally not very helpful and either way the LW has either severe
bias and/or very high sampling variability due to the rate of convergence being
equivalent to the bandwidth selection.

The above difficulties with the LI estimation of the long memory parameter
are also inherited by the estimated I RWs. The alternative approach of using a
time domain M LE to jointly estimate the parameters of the model and subse-
quently the I RWs is shown to be generally superior to using the LWTSE. An
alternative purely non parametric approach is to use a high order linear autoregres-
sion (AR) approximation. This procedure is shown to provide consistent estimates
of the infinite autoregressive approximation. A very attractive feature of the AR
method is that it is valid for non stationary regions of the parameter space. In gen-
eral high order AR method appears to provide relatively good estimates of I RW
both for stationary and nonstationary processes. It should be emphasized that
unlike both the LWTSE and M LE, the AR approximation is nonparametric for

both the long and short memory parts of the process. This considerably increases
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the attractiveness of the AR procedure.

Finally the results in this paper also appear very relevant in a wider method-
ological context of how best to deal with time series that exhibit long memory
properties. The high order AR approximation method is highly desirable if an in
investigator wishes to obtain estimates of the I RW's and also especially in the case
when there is considerable uncertainty about the stationarity of the process. If an
investigator’s primary purpose is to model the univariate time series, then using
the LWTSE is fraught with problems whenever there is moderately persistent
autocorrelation in the short memory component. In this situation careful use of
model selection criteria and application of QM LE will probably be the best strat-
egy. In more extensive empirical research an important preliminary issue is often
to obtain an estimate of each variable’s degree of persistence before embarking
on some modeling exercise. Once again the problems associated with SPFE and
LW would make one skeptical of relying unduly on these types of estimators. The
approach of jointly modeling short and long memory components would appear to

again be the most fruitful approach.

Appendix
Proof of Theorem 1

Since all the roots of the polynomials in the lag operator ¢(L) and 6(L) lie outside
the unit circle, it follows that 7% 77 < 0o and hence that Y24 muy, r = O,(1).
The Local Whittle estimator dyyy will generate the FFF series 4; = (1— L)‘iLWyt =
Yy — S P 7 (dpw ) Y1, where wy(dpw) = (1 — dpw )T (—dpw) " 'T(1+1). Since 4 =
(1= L)Wy, then (i —ue) = 300, mj(dpw —do)ue_j. Since (dpw —do) = Op(m~'/2)
and u; = (1 — L)%y, then following the same approach as Wright (1995),

T [it-1 2
T_l Z(ﬁt — Ut)2 = T_1 Z (Z Wj(CZLW — do)ut_]‘)
t=1 j=1

j=1
Then, using the mean value theorem we have that m;(d) = dX; + d°X? , where

X ]1 denotes the first derivative and X JQ the second derivative of 7;(.). Then

t—1 t—1 t—1
=dy Xl +d®d X2u_;
TEUt—k = jUt—j + ; Ui—j
k=1 k=1 k=1

and following the same arguments as in Wright (1995), (dow — dq) - Xjugj=
Op(m~12), and T~ (drw — do) 34— X?us—j = Op(m~1/?), and hence
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T—k T—k
TS i =TS s + Oy~ 19
t=1

This suffices to prove the Theorem result for an ARFIM A(p,d,0) model. For
the general case of an ARFIM A(p, d,q) model we have that for the second step
ARM A estimation, the conditional M LFE needs to be numerically maximized. Let
us denote the likelihood function by L(3). The form of the likelihood may be found
in, e.g., (5.6.3) of Hamilton (1994). It is then clear that the likelihood function
is differentiable and as long as (18) holds we have L <B(JLW)> — L (Bo(dp)) =
Op(m_l/ 2).  But, by an application of the mean value theorem we have that
L@@WD_L%@)+%’ (@m Boldo)). Hence, the result of the
Theorem holds for ARFIM A(p, d, q) models completing the proof.

Proof of Theorem 2

Let the norm of a matrix A, || Al|, be given by tr(A’A)*/2. The Theorem is proven if

we show that |7 — 7|| = 0,(P) where 7 = (my,...,7p) and 7 = (7y, ..., 7p). We have

that ||# — 7| = [|(X'X) ™" X'8||, where X = (41, .-, yp), i = (yp—it1, -, yr—i) and
0 = (Op41,..,0r)". Then,
WXX ‘<HXX www (19)

We examine each term of the right hand side of (19) in turn. It is possible to first
determine the order of magnitude of each diagonal term of (X’X)~'. We consider
Kantorovich’s inequality for a square m x m matrix A, Which states that for the
i,i-th element of A~! the following holds: (A™1); < 4a < —|— + 2) where a;; is
the 7,i-th element of A, a = min; \;(A4), 8 = max; \;(A4) and /\, denotes the ¢-th
eigenvalue of A. By the positive definiteness of the matrix and the assumption
of the Theorem it is known that all eigenvalues of X’X are of the same order of
magnitude. Hence, <Q + é + 2) is O,(1) in this case. Further, by the positive
definiteness of the matrix we have that } X'X)™ | < | (X'X ”‘ when i # j.

As a result, we focus on the behavior of Zt:PH y2. By Beran (1994),

Z yi = Op(T*) (20)

t=P+1

Hence, |((X X)~ u| = O,(T7%). Tt then easily follows that ||(X'X)71H =
O,(PT~2%). Moving on to || X'?|| we need to determine the behavior of ZtT:PH Yi—i 0.
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We have

T T t T T T

Z Yi—iUp = Z Yt—i ( Z TiYt—j +Ut) < Z T ( Z yt—iyt—j)+ Z Yt—iVt-
t=P+1 t=P+1 j=P+1 j=P+1 t=P+1 t=P+1

Then, it is necessary to show that

Y yeive =0, (T) (21)

t=P+1

But, by the independence of v; it follows that 1, ;v; is a martingale difference
sequence and so (21) follows by the martingale difference law of large numbers.
By (20), S/ poi¥-iti—; = Op(T?). Since, m; = O(j~%1), it follows that
St b Yemiy = O, (P77 40, (T) and || X'0|| = O, (P~4+1/2T%) +0, (T P'/?).

Thus, overall
H(X/X)—IH HX/{}H _ Op (P—d+3/2> + Op (Tl—QdPS/Z) (22)

The second term is 0,(1) if, e.g., P = O(InT*) for all & > 0. The first term is
0p(P) since d > 1/2. Overall, as long as P = o (T°) for all ¢ > 0, it follows that

|7 = ml[ = 0p(P) (23)

which proves the theorem.
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Table 1. Results for estimated d

Bias
T=200 T=400 T=1000
d/AR | 0.5 0.9 0.95 0.99 \ 0.5 0.9 0.95 0.99 \ 0.5 0.9 0.95 0.99
Two-Step (m=0.5)

0 0.005 0.477 0.700 0.947 | -0.002 0.333 0.592 0.919 | -0.001 0.254 0.495 0.887
0.1 0.016 0.476 0.713 0.936 | 0.001 0.338 0.603 0.899 | 0.000 0.258 0.499 0.865
0.2 | 0.030 0474 0.687 0.882 | 0.010 0.351 0.586 0.867 | 0.005 0.252 0.499 0.852
0.3 | 0.036 0479 0.692 0.818 | 0.012 0.343 0.586 0.822 | 0.008 0.258 0.491 0.829
0.4 | 0.036 0480 0.660 0.744 | 0.024 0.350 0.579 0.756 | 0.007 0.255 0.492 0.766
0.49 | 0.076 0.469 0.622 0.662 | 0.042 0.352 0.557 0.681 | 0.017 0.257 0.483 0.719

Two-Step (optimal m)

0 0.041 0.136 0.168 0.578 | 0.021 0.033 0.140 0.451 | 0.031 0.063 0.064 0.173
0.1 0.034 0.096 0.093 0.582 | 0.018 0.057 0.127 0.418 | 0.026 0.057 0.090 0.270
0.2 | 0.040 0.181 0.163 0.515 | 0.028 0.050 0.129 0.396 | 0.032 0.062 0.080 0.196
0.3 | 0.053 0.114 0.045 0.520 | 0.030 0.087 0.175 0.341 | 0.031 0.066 0.087 0.163
04 | 0.066 0.190 0.116 0.457 | 0.045 0.088 0.195 0.333 | 0.037 0.062 0.098 0.139
0.49 | 0.080 0.211 0.082 0.396 | 0.051 0.107 0.190 0.310 | 0.039 0.077 0.083 0.098

Maximum Likelihood

0 -0.057 0.025 0.027 0.016 | -0.038 0.019 0.007 0.007 |-0.023 0.007 0.004 0.003
0.1 ]-0.059 0.033 0.009 -0.014|-0.042 0.016 0.008 -0.012 |-0.017 0.006 0.002 -0.005
0.2 |-0.040 0.017 0.005 -0.060 |-0.037 0.016 -0.003 -0.052 |-0.014 0.002 -0.006 -0.028
0.3 |-0.047 0.007 -0.048 -0.044 | -0.036 -0.002 -0.033 -0.085 | -0.018 -0.003 -0.017 -0.077
0.4 |-0.041 -0.050 -0.102 0.039 | -0.025 -0.033 -0.083 -0.068 | -0.017 -0.018 -0.047 -0.124
0.49 |-0.029 -0.112 -0.154 0.078 | -0.023 -0.079 -0.138 0.010 |-0.011 -0.044 -0.092 -0.121

Variance
T=200 T=400 T=1000
d/AR | 0.5 0.9 0.95 0.99 0.5 0.9 0.95 0.99 0.5 0.9 0.95 0.99
Two-Step (m=0.5)

0 0.206 0.218 0.209 0.183 | 0.166 0.170 0.173 0.155 | 0.115 0.113 0.117 0.115
0.1 0.212 0.207 0.205 0.170 | 0.164 0.171 0.176 0.145 | 0.115 0.113 0.121 0.117
0.2 0.203 0.217 0.206 0.152 | 0.168 0.171 0.169 0.141 | 0.113 0.114 0.118 0.122
0.3 | 0.212 0.208 0.199 0.146 | 0.165 0.178 0.167 0.131 | 0.114 0.117 0.122 0.137
0.4 | 0.205 0.201 0.185 0.135 | 0.163 0.165 0.158 0.134 | 0.110 0.116 0.119 0.159
0.49 | 0.192 0.192 0.179 0.133 | 0.157 0.159 0.161 0.132 | 0.114 0.117 0.126 0.177

Two-Step (optimal m)

0 0.183 0.574 1.072 1.045 | 0.133 0.400 0.567 1.061 | 0.072 0.212 0.343 1.177
0.1 0.184 0.598 1.173 1.055 | 0.131 0.402 0.590 1.060 | 0.070 0.205 0.356 1.098
0.2 | 0.176 0.548 1.076 1.020 | 0.125 0.391 0.563 1.043 | 0.074 0.208 0.357 1.074
0.3 0.172 0.601 1.112 0961 | 0.125 0.397 0.549 1.091 | 0.077 0.211 0.349 1.107
0.4 | 0.187 0.545 1.070 0.945 | 0.127 0.405 0.579 1.035 | 0.071 0.220 0.336 1.112
049 | 0.171 0.554 1.132 0.893 | 0.128 0.385 0.574 0.988 | 0.075 0.209 0.341 1.043

Maximum Likelihood

0 0.181 0.142 0.122 0.076 | 0.142 0.106 0.077 0.049 | 0.088 0.061 0.042 0.030
0.1 0.178 0.145 0.116 0.080 | 0.143 0.104 0.080 0.048 | 0.083 0.062 0.043 0.031
0.2 | 0.177 0.144 0.123 0.116 | 0.141 0.110 0.069 0.061 | 0.087 0.059 0.040 0.050
0.3 | 0174 0150 0.128 0.271 | 0.137 @402 0.079 0.177 | 0.088 0.058 0.043 0.070
04 | 0.181 0.144 0.160 0.395 | 0.139 0.109 0.103 0.305 | 0.085 0.060 0.061 0.179
049 | 0.182 0.172 0.217 0.430 | 0.137 0.132 0.158 0.395 | 0.091 0.075 0.093 0.282




Table 2. Results for estimated AR coefficient

Bias
T=200 T=400 T=1000
d/AR | 0.5 0.9 0.95 0.99 \ 0.5 0.9 0.95 0.99 \ 0.5 0.9 0.95 0.99
Two-Step (m = 0.5)

0 -0.030 -0.447 -0.662 -0.924 | -0.015 -0.286 -0.540 -0.897 |-0.003 -0.194 -0.411 -0.866
0.1 ]-0.041 -0.440 -0.683 -0.923 |-0.016 -0.294 -0.545 -0.880 |-0.005 -0.200 -0.417 -0.841
0.2 |-0.0563 -0.443 -0.652 -0.871|-0.021 -0.302 -0.527 -0.850 | -0.010 -0.195 -0.419 -0.826
0.3 |-0.0564 -0.447 -0.662 -0.796 | -0.024 -0.299 -0.529 -0.795 | -0.011 -0.200 -0.408 -0.794
0.4 |-0.0563 -0.445 -0.618 -0.705]|-0.035 -0.304 -0.520 -0.707 | -0.011 -0.199 -0.408 -0.711
0.49 |-0.088 -0.433 -0.575 -0.595 | -0.053 -0.303 -0.493 -0.605 | -0.021 -0.199 -0.400 -0.650

Two-Step (optimal m)

0 -0.061 -0.247 -0.415 -0.657 | -0.032 -0.126 -0.240 -0.579 | -0.035 -0.075 -0.114 -0.458
0.1 |-0.055 -0.231 -0.414 -0.667 | -0.029 -0.138 -0.245 -0.569 | -0.031 -0.069 -0.130 -0.482
0.2 |-0.0568 -0.272 -0.425 -0.636 | -0.036 -0.131 -0.237 -0.551 | -0.037 -0.074 -0.125 -0.438
0.3 |-0.073 -0.243 -0.391 -0.630 | -0.041 -0.155 -0.262 -0.546 |-0.035 -0.077 -0.127 -0.443
0.4 |-0.082 -0.280 -0.409 -0.594 | -0.054 -0.159 -0.285 -0.531 |-0.042 -0.077 -0.130 -0.438
0.49 |-0.092 -0.299 -0.418 -0.535 | -0.060 -0.166 -0.285 -0.510 |-0.044 -0.085 -0.124 -0.397

Maximum Likelihood

0 0.035 -0.034 -0.029 -0.013 | 0.023 -0.023 -0.011 -0.006 | 0.018 -0.007 -0.005 -0.002
0.1 0.035 -0.040 -0.023 -0.012 | 0.028 -0.022 -0.011 -0.005 | 0.014 -0.008 -0.004 -0.002
0.2 | 0.018 -0.033 -0.027 -0.016 | 0.025 -0.021 -0.008 -0.003 | 0.010 -0.006 -0.002 -0.002
0.3 | 0.028 -0.035 -0.013 -0.102 | 0.025 -0.014 -0.003 -0.034 | 0.014 -0.003 -0.001 0.001
04 | 0.024 -0.009 -0.012 -0.287 | 0.014 -0.004 0.004 -0.134 | 0.014 0.000 0.005 -0.030
0.49 | 0.012 0.005 -0.027 -0.419 | 0.010 0.008 -0.000 -0.306 | 0.007 0.008 0.010 -0.107

Variance
T=200 T=400 T=1000
d/AR | 0.5 0.9 0.95 0.99 0.5 0.9 0.95 0.99 0.5 0.9 0.95 0.99
Two-Step (m = 0.5)

0 0.189 0.223 0.230 0.198 | 0.157 0.165 0.201 0.171 | 0.116 0.105 0.138 0.135
0.1 0.195 0.213 0.222 0.184 | 0.157 0.169 0.205 0.167 | 0.116 0.105 0.143 0.141
0.2 0.190 0.222 0.228 0.174 | 0.163 0.174 0.199 0.168 | 0.114 0.105 0.141 0.150
0.3 | 0.196 0.214 0.220 0.172 | 0.161 0.176 0.192 0.160 | 0.115 0.108 0.144 0.170
0.4 0.194 0.211 0.210 0.169 | 0.157 0.165 0.186 0.170 | 0.111 0.108 0.143 0.209
049 | 0.184 0.203 0.203 0.173 | 0.159 0.163 0.190 0.172 | 0.115 0.108 0.149 0.238

Two-Step (optimal m)

0 0.175 0.356 0.539 0.585 | 0.132 0.247 0.355 0.579 | 0.074 0.134 0.195 0.565
0.1 0.175 0.351 0.540 0.587 | 0.129 0.248 0.355 0.571 | 0.075 0.124 0.218 0.569
0.2 | 0.167 0.359 0.527 0.571 | 0.127 0.243 0.349 0.566 | 0.078 0.130 0.215 0.541
0.3 | 0.173 0.352 0.510 0.551 | 0.126 0.249 0.345 0.557 | 0.080 0.131 0.216 0.537
0.4 | 0.179 0.354 0.510 0.528 | 0.129 0.259 0.361 0.542 | 0.075 0.137 0.210 0.533
0.49 | 0.165 0.365 0.514 0.513 | 0.129 0.246 0.356 0.528 | 0.081 0.130 0.202 0.508

Maximum Likelihood

0 0.183 0.107 0.086 0.040 | 0.142 0.080 0.048 0.020 | 0.092 0.041 0.019 0.006
0.1 0.179 0.110 0.082 0.045 | 0.145 0.077 0.049 0.012 | 0.089 0.043 0.023 0.006
0.2 | 0.180 0.109 0.084 0.096 | 0.146 0.081 0.037 0.011 | 0.091 0.038 0.016 0.032
0.3 | 0177 0114 0.083 0.292 | 0.141 @073 0.039 0.178 | 0.094 0.035 0.016 0.005
0.4 | 0.183 0.092 0.123 0.451 | 0.141 0.069 0.045 0.343 | 0.089 0.035 0.017 0.180
0.49 | 0.185 0.095 0.187 0.502 | 0.143 0.072 0.116 0.471 | 0.095 0.033 0.036 0.322




Table 3. Optimal Bandwidths for AR(1) with « reported where m = T

d/¢ | 0.50 0.70 0.80 0.90 0.95 0.99
0.00 | 0.59 0.52 0.46 0.37 0.29 0.10
0.10 | 0.59 0.52 0.46 0.37 0.29 0.10
0.20 | 0.59 0.52 046 0.37 0.29 0.10
0.30 | 0.59 0.52 0.46 0.37 0.29 0.10
0.40 | 0.59 0.52 0.46 0.37 0.29 0.10
0.49 | 0.60 0.52 0.46 0.37 0.29 0.10
Table 4. Results for ARFIMA(2,d,0).
Parameter/d \ 0.000 0.100 0.200 0.300 0.400 0.490
Bias
LW
d 0.617 0.613 0.610 0.609 0.608 0.594
01 0.001 0.021 0.046 0.088 0.158 0.274
o)) -0.001 -0.010 -0.031 -0.071 -0.141 -0.257
MLE
d 0.002 0.003 0.004 0.005 -0.002 -0.023
01 0.000 0.000 0.001 0.005 0.015 0.040
0o -0.001 -0.002 -0.003 -0.008 -0.018 -0.042
Variances
LW
d 0.011438 0.008869 0.004104 0.012011 0.008045 0.008189
01 0.000014 0.000033 0.000283 0.000641 0.000882 0.004585
0o 0.000016 0.000021 0.000299 0.000641 0.000901 0.004612
MLE
d 0.000146 0.000175 0.000269 0.000208 0.000183 0.000637
01 0.000014 0.000054 0.000079 0.000143 0.000305 0.001890
o)) 0.000014 0.000015 0.000173 0.000212 0.000356 0.002153
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Figure 1: Impulse Responses: d=0.3, ar=0.5
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Figure 2: Impulse Responses: d=0.3, ar=0.95
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Figure 3: Impulse Responses: d=0.49, ar=0.5
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Figure 4: Impulse Responses: d=0.49, ar=0.95
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Figure 5: Impulse Responses: d=0.6, ar=0.95
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Figure 6: Impulse Responses: d=0.8, ar=0.5
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Figure 7: Impulse Responses: d=0.8, ar=0.95
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